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Problem 1. The oscillation of a function f over an interval I is defined as osc( f , I)=
sup
x,y∈I
| f (x)− f (y)|. Then the oscillation at point x is

osc( f ,x) = inf
r>0

osc( f ,(x− r,x+ r)).

Prove that f is continuous at x if and only if osc( f ,x) = 0.

Problem 2. Let f : R 7→ R be continuous and g : R 7→ R be measurable. Show
that h(x) = f (g(x)) is measurable.

Problem 3. Let µ(X) < ∞ and f be Lebesgue’s integrable on X . Prove that the
Lebesgue’s integral is equal to the limit of the Lebesgue’s integral sumsZ

X
f (x)dµ = lim

λ→0
∑
k

ξk ·µ({x ∈ X : tk ≤ f (x)≤ tk+1}) ,

where λ = supk |tk− tk+1| is the diameter of partition tk and points ξk ∈ [tk, tk+1]
are chosen randomly.

Problem 4. Prove or disprove that the space l∞
conv of converging number sequences

x = (x1,x2, . . . ,xn, . . .) is separable, i.e., contains a countable dense subset.

Problem 5. Let operator A : lp 7→ lp, p≥ 1, be defined as Ax =(a1x1, . . . ,anxn, . . .),
where sequence {an} is bounded and x = (x1, . . . ,xn, . . .)∈ lp. Prove that the oper-
ator A is compact if and only if lim

n→∞
an = 0. (Reminder: an operator A is compact

if it maps bounded sets into relatively compact sets.)

Problem 6. Let operator A map a compact metric set (X ,ρ) into itself and let
ρ
(
A2x,A2y

)
< ρ(x,y). Then prove or disprove that the operator A has a fixed

point x0 ∈ X , i.e., Ax0 = x0.
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