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General Examination: Real Variables

Problem 1.

(a) Find a value of o and function f(x), f: R — R, such that [f(x)]* is mea-
surable but f(x) is not measurable.

(b) Find all numbers o for which the measurability of [f(x)]* implies the mea-
surability of f(x).

Problem 2. Let f,(t) = n?e " (¢! —cost —t), t € [0,1]. For every § € (0,1), find
a set of Lebesgue measure 1 — & on which f,, converges uniformly when n — co.

Problem 3. For which values o and f is the function f(x) = x*sin (x5> , defined
for x € (0,1],

(a) Lebesgue integrable?

(b) improperly Riemann integrable?

Problem 4. Let ©? be the set of all polynomials in C|a,b]. Determine whether P
is open, closed, or neither.

Problem 5. Let B be a Banach space, and letA: B+ B and f: B — R be linear
operators. Using the Hahn-Banach theorem show that

sup [ f(Ax)| = [|A]-
[FESHIES:

Problem 6. Determine whether the operator
1
A: C[-1,1]—C[-1,1], Ax(t)= E[x(t)+x(—t)]

is compact.



