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General Examination: Real Variables

Problem 1. The following statement is not true: Let E be a measurable subset of
R, and let µ be the Lebesgue measure on R. If fn, n≥ 1, are measurable functions
on E and fn(x)→ f (x) a.e., then for each ε > 0, there exists a closed set F ⊆ E
such that µ(E\F) < ε and fn(x)→ f (x) uniformly on F .

(a) Add an assumption that makes this statement true. How is this theorem
(correct statement) called?

(b) Give an example showing that without this additional assumption the state-
ment is not true.
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Problem 2. For each n = 1,2, . . . and k = n, n+1, n+2, . . ., 2n−1, let fn,k(x) =
1/x for k 2−n ≤ x < (k +1)2−n and fn,k(x) = 0 otherwise. Consider the sequence
f1,1, f2,2, f2,3, f3,3, . . ., f3,7, f4,4, . . ., f4,15, . . . Show that

(a) This sequence converges in measure to 0 on the interval (0,1), but does not
converge at any point of (0,1).

(b) There is no integrable g(x) on (0,1) such that fn,k(x) ≤ g(x) a.e. on (0,1)
for each n and k.
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Problem 3. Let S be any subset of a normed linear space X , and let A be a bounded
subset of the dual space X∗. Show that A is equicontinuous on S.
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Problem 4. For the sequence of functions fn(t) =
n(ecosπt−1)
(t +1/2)n , t ∈ [0,10], find

(a) its pointwise limit as n→ ∞ if the limit exists.

(b) find a subset of [0,10] with the Lebesgue measure greater than 9.5 on which
the uniform limit of fn(t) exists.
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Problem 5. Let Mn be a sequence of compact sets in a Banach space X such
that any intersection of a finite number of these sets is not empty. Is it possibleT

∞
n=1 Mn = /0? Explain your answer.
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Problem 6. Let (x,y) ∈ [0,1]× [0,1] and

f (x,y) =
∞

∑
n=1

sin2(πn2(x2− y))
n2(1+ x+ y)

.

Prove that f (x,y) is a Lebesgue integrable function.
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