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1.1 Definitions

Let G be a group. If H is a subgroup of G then we write H ≤ G; if H is a
normal subgroup of G we write H E G.

Let X be a subset of G. By 〈X〉 we denote the subgroup of G generated
by X, i.e., the least subgroup of G containing X (= the intersection of all
subgroups of G containing X). It is easy to see that

〈X〉 = {xε1
i1

, . . . , xεn
in
| xij ∈ X, εj ∈ {1,−1}, n ∈ N}

An expression of the type

w = xε1
i1
· · · xεn

in
(xij ∈ X, εj ∈ {1,−1}), (1)

is called a group word in X. If X ⊆ G then every group word w in X
determines a unique element from G which is equal to the product xε1

i1
· · · xεn

in

of the elements x
εj

ij
.

We assume that the empty word is a group word in X and it defines the
identity of G. A word

w = xε1
i1
· · · xεn

in

is called reduced if for each j = 1, . . . , n−1 either xij 6= xij+1
or εj +εj+1 6= 0.

Definition 1 A group G is called a free group if there exists a generating
set X of G such that every non-empty reduced group word in X defines a
non-trivial element of G.

In this event X is called a free basis of G and G is called free on X or
freely generated by X. It follows from the definition that every element of a
free group on X can be defined by a reduced group word on X. Moreover,
different reduced words on X define different elements. We will say more
about this in the next section.

1.2 Construction of a free group with basis X

Let X be an arbitrary set. Consider

X−1 = {x−1|x ∈ X},

where x−1 is just a formal expression obtained from x and −1. If x ∈ X then
the symbols x and x−1 are called literals in X. Denote by

X±1 = X ∪X−1
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the set of all literals in X. For a literal y ∈ X±1 we define y−1 as follows

y−1 =

{
x−1, if y = x ∈ X;
x, if y = x−1 ∈ X.

Now a group word

w = xε1
i1
· · ·xεn

in
, (xij ∈ X, εi ∈ {1,−1}) (2)

is just a word in the alphabet X±1. The number n is called the length of w,
we denote it by |w|.

Observe, that the word

w = y1 . . . yn, (yi ∈ X±1)

is reduced if and only if, yi 6= y−1
i+1 for any i = i, . . . , n − 1, i.e., w does not

contain a subword of the type yy−1, for a literal y ∈ X±1.
An elementary reduction of a word w consists of deleting a subword of

the type yy−1 (y ∈ X±1) from w.
For example, suppose w = uyy−1v for some words u, v in X±1. Then the

elementary reduction of w with respect to the given subword yy−1 results in
the word uv. In this event we write

uyy−1v → uv.

A reduction of w ( or a reduction process starting at w) consists of con-
sequent applications of elementary reductions starting at w and ending at a
reduced word:

w → w1 → · · · → wn, (wn is reduced).

The word wn is termed a reduced form of w.
In general, there may be different possible reductions of w. Nevertheless,

it turns out that all possible reductions of w end up with the same reduced
form.

Proposition 1 Let w be a group word in X. Then any two reductions of w:

w → w′
1 → · · · → w′

n

w → w′′
1 → · · · → w′′

m

result in the same reduced form, i. e. , w′
n = w′′

m.
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Proof. Induction on |w|.
If |w| = 1 then w is reduced and there is nothing to prove.
Let

w → w′
1 → · · · → w′

n

w → w′′
1 → · · ·w′′

m

be two reductions of w. We claim that to prove the proposition it suffices to
prove the following result which is called the ¦-principal or ¦-lemma.

¦-Principal For any two elementary reductions w → w1 and w → w2 there
exist elementary reductions w1 → w0 and w2 → w0 to one and the same word
w0, i.e., the following diagram commutes:

�

� � � �

� �

Proof. Indeed let
w → w′

1 → · · · → w′
n

w → w′′
1 → · · · → w′′

m

be two arbitrary reductions of w. Then by the ¦-principle we can find ele-
mentary reductions w′

1 → w0 and w′′
1 → w0 and then make a reduction of

w0 :
w0 → w1 → · · · → wk.

This corresponds to the following diagram:
By induction all reduced forms of the word w′

1 are equal to each other, as
well as all reduced forms of w′′

1 . Since wk is a reduced form of both w′
1 and

w′′
1 , then w′

n = wk = w′′
m as desired.

Now it is left to see that the ¦-principal holds. Let w
λ1→ w1, and w

λ2→ w2

be elementary reductions of a word w. There are two possible ways to carry
out the reductions λ1 and λ2.

Case a) (disjoint reductions). In this case

w = u1y1y
−1
1 u2y2y

−1
2 u3, (yi ∈ X±1)
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W

W"
2

W
0

W"
m

W
k

W'
n

W'
1

and λi deletes the subword yiy
−1
i , i = 1, 2. Then

w
λ1→ u1u2y2y

−1
2 u3

λ2→ u1u2u3

w
λ2→ u1y1y

−1
1 u2u3

λ1→ u1u2u3.

Hence the ¦-principle holds.
Case b) (overlapping reductions). In this case y1 = y2 and w takes on the

following form
w = u1yy−1yu2.

Then
w = u1y(y−1y)u2

λ2→ u1yu2,

w = u1(yy−1)yu2
λ1→ u1yu2;

and the principle holds. This proves the proposition.
For a word w by w we denote the unique reduced form of w.
Let F (X) be the set of all reduced words in X±1. For u, v ∈ F (X) we

define multiplication u · v as follows:

u · v = uv.

Theorem 1 The set F (x) forms a group with respect to the multiplication
·. This group is free on X.
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Proof. The multiplication defined above is associative:

(u · v) · w = u · (v · w)

for any u, v, w ∈ F (X). To see this it suffices to prove that

(uv)w = u(vw)

for given u, v, w. Observe, that each of the products above can be obtained
form the word uvw by one of the possible reductions, which result in the
same reduced form by Proposition 2. Hence

uvw = uvw = uvw

Clearly, the empty word (we denote it by 1) is the identity in F (X) with
respect to the multiplication above, i.e.,

1 · w = w · 1,

for every w ∈ F (X). Let w = y1 · · · yn, yi ∈ X±1. Then the word

w−1 = y−1
n · · · y−1

1

is also reduced and

w · · ·w−1 = y1 · · · yny−1
n · · · y−1

1 = 1.

Hence w−1 is the reverse of w. This shows that the set F (X) satisfies all the
axioms of a group.

Notice that X is a generating set of F (X). Moreover, every non-empty
reduced word

w = xε1
i1
· · · xεn

in

in X±1 defines a non-trivial element in F (X) (the word w itself). Hence X
is a free basis of F (X), and F (X) is free on X.

1.3 The universal property of free groups. Presenta-
tion of groups.

Theorem 2 Let G be a group with a generating set X ⊆ G. Then G is free
on X if and only if the following universal property holds. Every map ϕ :
X → H from X into a group H can be extended to a unique homomorphism
ϕ∗ : G → H, i. e., the following diagram commutes:
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X G

H

-i

@
@

@@R

φ

ppppppp?
φ∗

(here X
i−→ G is the inclusion of X into G).

Proof. Let G be a free group freely generated by X. Suppose ϕ : X → H
is an arbitrary map from X into a group H. Every element g ∈ G is a
product of elements from X±1, i.e., g corresponds to some group word w on
X. Clearly the reduced form w of w defines the same element g in G. Now,
we define the image of g under ϕ∗ as follows. If

w = xε1
i1
· · · xεn

in
, (xij ∈ X, εi ∈ {1,−1}),

then
gϕ∗ = (xϕ

i1
)ε1 . . . (xϕ

in
)εn
in

. (3)

Notice that equation (3) defines a map from G into H correctly. Indeed,
since G is free on X then the reduced word w that defines g is unique.

We claim, that ϕ∗ is a homomorphism. To see this choose arbitrary
elements g, h ∈ G and express them as reduced group words on X:

g = y1 · · · ynz1 · · · zm,

h = z−1
m · · · z−1

1 yn+1 · · · yk,

here yi, zj ∈ X±1 and yn 6= y−1
n+1 ( we allow the subwords y1 · · · yn, z1 · · · zm,

and yn+1 · · · yk to be empty). Then

gh = y1 · · · ynyn+1 · · · yk

is a reduced word on X presenting gh. Now

(gh)ϕ∗ = yϕ∗
1 . . . yϕ∗

n yϕ∗
n+1 . . . yϕ∗

n =

= yϕ∗
1 . . . yϕ∗

n zϕ∗
1 . . . zϕ∗

m (zϕ∗
m )−1 . . . (zϕ∗

1 )−1 . . . yϕ∗
n+1 . . . yϕ∗

k = gϕ∗hϕ∗.

Hence ϕ∗ is a homomorphism. Clearly, ϕ∗ extends ϕ, so the universal prop-
erty holds.

Suppose now that a group G with a generating set X satisfies the universal
property. Take H = F (X) and define a map ϕ : X → H as xϕ = x, (x ∈ X).
Then ϕ extends to a homomorphism ϕ∗ : G → F (X).
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Let w be a non-empty reduced group word on X. Then w defines an
element g in G for which gϕ = w ∈ F (X). Hence gϕ∗ 6= 1 and consequently
g 6= 1 in G. It shows that G is a free group on X. This proves the theorem.

Observe, that the argument above implies the following result, which we
state as a corollary.

Corollary 1 Let G be a free group on X. Then the identical map X → X
extends to an isomorphism G → F (X).

This corollary allows us to identify a free group freely generated by X with
the group F (X). In what follows we usually refer to a free group on X as
F (X).

1.4 Rank of free groups

Theorem 3 If G is free on X and also on Y , then |X| = |Y |.

Proof. By the universal property of free groups any map X → Z2 gives rise
to a homomorphism of G into the cyclic group Z2 of order 2. Moreover, every
homomorphism G → Z2 can be obtained in this way (every homomorphism
is completely defined by its values on a given generating set). Hence there
are exactly 2|X| different homomorphism form G into Z2. It implies that

2|X| = 2|Y |

and consequently |X| = |Y |. Here for infinite sets X and Y we are assuming
Generalized Continuum Hypothesis from the set theory. But in the event
when at least one of the sets X and Y is finite the implication

2|X| = 2|Y | =⇒ |X| = |Y |

is obvious. This proves the theorem.

Corollary 2 Let X and Y be sets. Then

F (X) ' F (Y ) ⇔ |X| = |Y |.

Theorem 3 shows that the cardinality of a basis of a free group G is an
invariant of G, which is by the corollary above characterizes the free group
G uniquely to an isomorphism.

Definition 2 Let G be a free group on X. Then the cardinality of X is
called the rank of G.
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For an ordinal n we denote by Fn a free group of rank n. By the remark
above Fn is defined uniquely up to an isomorphism.

Notice that if X ⊆ Y then the subgroup < X > generated by X in F (Y )
is equal to the group F (X), hence it is free on X. This implies that if m and
n are cardinals and n ≤ m, then Fn is embeddable into Fm.

We will show now that in some sense the reverse is also true. Namely
we prove that any countable free group G is embeddable into a free group of
rank 2. To this end it suffices to find a free subgroup of countable rank in a
free group of rank 2.

Let F2 be a free group with a basis {a, b}. Denote

xn = b−nabn (n = 0, 1, 2, . . .)

and put
X = {x0, x1, . . .}.

We claim that X freely generates the subgroup < X > in F2. To see this it
suffices to prove that every non-empty reduced group word on X defines a
non-trivial element in F2. To this end let

w = xε1
i1

. . . xεn
in

be such a reduced word. Then w can also be viewed as a word in {a, b}:

w = b−i1aε1bi1b−i2aε2bi2 . . . b−inaεnbin .

Since w is reduced on X, then for each j = 1, . . . , n − 1 either ij 6= ij+1 or
ij = ij+1 and εj + εj+1 6= 0. In either case any reduction of w (as a word on
{a, b}) does not affect aεj and aεj+1 in the subword

b−ijaεjbijb−ij+1aεj+1bij+1 ;

i.e., the literals aεj and aεj+1 present in the reduced form of w as a word in
{a, b}±1. Hence the reduced form of w is non-empty, so w 6= 1 in F2. Clearly,
< X > is a free group of countable rank.
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2.1 General remarks

2.1.1 Equations and some classical problems

Let G be a group and X = {x1, · · · , xn} be a set of variables.
An equation in variables x1, · · · , xn with coefficients in G is a formal ex-

pression of the form

g1xi1
ε1g2xi2

ε2 · · ·xik
εkgn = 1 (4)

where gj ∈ G, xij ∈ X, εj ∈ {1, 1}.
Notice, that we allow equations without coefficients (in which case g1 =

· · · = gn = 1). Such equations are also called coefficient-free equations. Usu-
ally, we write equations in functional notations:

f(x1, · · · , xn, g1, · · · , gn) = 1

or simply as
f(x1, · · · , xn) = 1,

omitting coefficients.
Let

f(x1, · · · , xn) = 1

be an equation in variables x1, · · · , xn with coefficients in G and let H be a
group containing G as a subgroup. A tuple (h1, . . . , hn) of elements from H
is called a solution of f(x1, . . . , xn) = 1 in H if the element f(h1, . . . , hn) is
trivial in H, i.e., the substitution xi → hi turns the formal expression 4 into
equality in H.

By VH(f) we denote the solution set of f(x1, . . . , xn) = 1 in H:

VH(f) = {(h1, . . . , hn) ∈ Hn | f(h1, . . . , hn) = 1}.

There are two typical questions about a given equation f(x1, . . . , xu) = 1 :
whether the equation has a solution in a given group H, and what are all
possible solutions of this equation in H?

The following problem is one of the most intriguing which attracted a lot
of attention over the years:

Diophantine Problem (DP) Let G be a group. Does there exist an algo-
rithm which for any equation f = 1 with coefficients in G determines
whether f = 1 has a solution in G or not.
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If such an algorithm exists we call it a decision algorithm and say that the
Diophatine problem is decidable over G.

Note. A decision algorithm for DP takes equations f(x1, . . . , xn, g1, . . . , gn) =
1 as its inputs. Hence this equations have to be described in a constructive
way. By definition these equations are group words in X and G. So it would
suffices to describe effectively elements from G. Usually, we assume that the
group G comes equipped with a given finite (sometimes countable) generating
set A. In this event, every element from G can be represented by a word in
A±1. From now on we will always (if not said otherwise) that elements of G
are already given as words in A±1.

G. Makanin proved that the DP is decidable over free groups [?]. In
general DP is very difficult. In fact, decidability of the DP implies the de-
cidability of the word problem and the conjugacy problem in G. To explain
this let S = 1 be an arbitrary collection of equations over group G. We say
that DP is decidable for S over G, if there exists an algorithm which for any
equation f = 1 from S = 1 decides whether f = 1 has a solution in G or not.

The Word Problem in G (WP) Let A = {a1, . . . , an} be a finite gen-
erating set for G. The word problem is decidable in G if the DP is
decidable for the set of equations

S = {ai1
ε1 · · · ain

εn = 1 | aij ∈ A, εj ∈ {1,−1}, n ∈ N}.

The Conjugacy Problem in G (CP) The conjugacy problem is decid-
able in G if the DP is decidable for the collection of equations

S = {x−1gx = f | g, f ∈ G}.

We mention here few more algorithmic problems in groups.

The Power Problem in G (PP) The power problem is decidable in G if
the DP is decidable for the collection of equations

S = {xn = f | n ∈ N, f ∈ G}.

The Commutator Problem in G (ComP) The commutator problem is
decidable in G if the DP is decidable for the collection of equations

S = {[x, y] = f | f ∈ G}.
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2.1.2 Cancellation schemes

Let F (A) be a free group on A = {a1, . . . , an}.
Suppose u, v ∈ F (A) and the word uv is reduced as written, i.e., there

is no cancellation in uv. In this event we denote the product uv by u ◦ v.
Plainly,

uv ≡ u ◦ v ⇐⇒ |uv| = |u|+ |v|
(here x ≡ y means that the words x and y are equal words in the alphabet
A±1).

Suppose now that
u = u1 ◦ p, v = p−1 ◦ v1.

Then
uv = u1(pp

−1)v1 = u1v1.

In this case we say that the subwords p and p−1 cancel out in forming the
product uv. Graphically this can be expressed as

u1 p p-1 v1 u1 v1

Notice, that we are not able to recover the cancelled subwords p, p−1 from
the resulting word u1v1. To keep the history of cancellation we will sometimes
write

u1(pp
−1)v1

putting parentheses to mark the cancellation.
The graphical equivalent of this will be to ”pinch” p and p−1 together

and write the result in the following form:

u1 p p-1 v1 u1 v1
p p-1

To simplify the notations we will use the following agreement. The dia-
gram
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A B

u

means that the edge from A to B has the word u as a label, and the inverse
edge from B to A has a label u−1 (i.e. we read u going from A to B). Hence
the cancellation above can be expressed as

u1 v1

p p-1u v

Now, let w1, . . . , wn be reduced words in A±1. Then, in general, we have
several different ways to reduce the word

w ≡ w1w2 · · ·wn

into its reduced form. Each such way of reduction can be completely de-
scribed by consequently putting parentheses to mark each step of the reduc-
tion (cancellation). For example, let

w1 ≡ y1y2y3y1, w2 ≡ y−1
1 y−1

3 y−1
2 y4, w3 ≡ y−1

4 y2y1.

Then
w = y1y2y3y1︸ ︷︷ ︸

w1

y−1
1 y−1

3 y−1
2 y4︸ ︷︷ ︸

w2

y−1
4 y2y1︸ ︷︷ ︸

w3

and we have the following two different reduction processes of w:

w = y1y2(y3y1︸ ︷︷ ︸
w1

y−1
1 y−1

3 )(y−1
2 y4︸ ︷︷ ︸

w2

y−1
4 y2)y1︸ ︷︷ ︸

w3

= y1y2y1;

w = y1(y2(y3y1︸ ︷︷ ︸
w1

y−1
1 y−1

3 )y−1
2 )(y4︸ ︷︷ ︸

w2

y−1
4 )y2y1︸ ︷︷ ︸

w3

= y1y2y1.

Graphically, we can express these reductions as the following labeled trees:
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�
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result

or

w   =

Such words with parentheses or such labeled trees are called cancellation
schemes for the word w ≡ w1 · · ·wn.

Lemma 1 For any positive integer n there are finitely many trees T1, . . . , Tµ(u)

such that for any n-tuple of words w1, . . . , wn ∈ F (A) each cancellation
scheme for w ≡ w1 . . . wn can be obtained by labelling one of the trees T1, . . . , Tµ(u)

by elements from F (A).

Proof. It suffices to notice that each cancellation tree for w ≡ w1 . . . wn has
no more than 2n vertices.

2.2 Equation x−1fx = g

2.2.1 Cyclically reduced words and conjugacy problem

Let F (A) be a free group with basis A = {a1, . . . , an}.

Definition 3 A reduced word w = y1 · · · ym, (yi ∈ A±1) is called cyclically
reduced if y1 6= y−1

m .
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For example, the word a1
−1a2a2 is cyclically reduced, but the word a1

−1a2a1

is not.

Lemma 2 Let w be a reduced word from F (A). Then there exists a cyclically
reduced word w and a reduced word w1 such that

w = w1
−1 ◦ w ◦ w1. (5)

Moreover, such words w and w1 are unique.

Proof. We will read of w and w1 from w using the following marking process.
Let w = y1 · · · ym, (yi ∈ A±1) be a reduced word. Compare the initial literal
y1 with the final literal ym. If y1 = ym

−1 then mark them both, and repeat
the process for the unmarked subword y2 · · · ym−1. In the case y1 6= ym

−1

we stop. Clearly, we will finish in ≤ |w| steps, and the unmarked subword
is cyclically reduced, we denote it by w. Meanwhile, the longest marked
subword at the end of w is w1. From the discussion above it follows that

w = w1
−1 ◦ w ◦ w1

and the words w, w1 are uniquely determined by w. This proves the lemma.

Definition 4 Let w be an element of F (A). Then the above decomposition

w = w1
−1 ◦ w ◦ w1

is called the cyclic decomposition of w, and the word w is called the cyclically
reduced form of w.

The cyclically reduced form of w has a simple visual interpretation. Every
word w ∈ F (A) defines a cyclic word w, which is the word w written on a
circle in the clockwise orientation. For example, w = a1a2a3a1

−1 defines the
cyclic word

a
1

a
2

a
3

a
1

w
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A reduced cyclic word is a cyclic word without neighbors of the type
yy−1 (y ∈ A±1).

Every cyclic word can be transformed into a unique reduced cyclic word
by means of elementary reductions exactly in he same way as for the ordi-
nary words (see Section 1.2). Notice, that if w is a reduced word, then the
reduction process for the cyclic word w is uniquely determined at each step,
i.e., at each step there is only one possible elementary reduction to perform.
For example, if

w = a1
−2a2a3a1

2

then the reduction process for w can be described as follows.

w = a−2
1 a2a3a

2
1 → a−1

1 a2a3a1 → a2a3

or graphically:

a
1

a
2

a
3

a
1

w

-1

a
1

-1

a
1

a
2

a
3

a
1

a
1

-1

a
2a

3

This reduction procedure reflects the marking process from Lemma 2
(only instead of marking literals we delete them from the cyclic word). There-
fore, the reduction of a cyclic word w results in the cyclic word w. Hence,
the cyclically reduced form of a word w is equal (as a cyclic word) to the
reduction of a cyclic word w.

Starting with a word w we can form the corresponding cyclic word defined
by w and then cut it back into a (linear) word. The resulting word depends
on the cutting point and might be different from the initial word w. To
describe all words that can occur here we need the following definition.

Definition 5 Let w = y1 · · · ym (yi ∈ A±1) be a word in A±1. A cyclic
permutation of w is a word of the form yi+1 · · · ymy1 · · · yi (1 ≤ i ≤ n).

Clearly, two cyclic words defined by u, v ∈ F (A) are equal if and only if u is a
cyclic permutation of v (and hence, v is a cyclic permutation of u). Observe
also, if v = yi+1 . . . ymy1 . . . yi is a cyclic permutation of w = y1 · · · ym then

(y1 · · · yi)
−1 w (y1 . . . yi) = v.
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So any cyclic permutation of w is a conjugate of w. Summarizing the discus-
sion above we have the following

Proposition 2 Let u, v be elements of F (A). The following conditions are
equivalent:

1. u and v are conjugate in F (A);

2. the cyclic words defined by u and v are equal;

3. u is a cyclic permutation of v.

Corollary 3 The conjugacy problem in F (A) is decidable.

Proof. Indeed, to check whether given elements u, v ∈ F (A) are conjugate
in F or not it suffices to find their cyclically reduced forms u and v, and check
whether the cyclic words defined by u and v are equal or not. This can be
done effectively.

Notice, that the algorithm indicated above is a fast one, it has at most
a quadratic time complexity. For it takes O(|u| + |v|) steps to obtain the
reduced cyclic words defined by u and v, and O((|u|+ |v|)2) steps to verify
whether these cyclic words are equal or not.

2.2.2 Solutions of the conjugacy equation x−1ux = v

We have already seen in the previous section how one can effectively verify
whether or not the equation

x−1ux = v (6)

has a solution in F (A).
A similar method allows one also to find a particular solution (if it exists)

of this equation. Indeed, suppose x−1ux = v for some x ∈ F (A). Let

u = u1
−1 ◦ u ◦ u1, v = v1

−1 ◦ v ◦ v1

be the cyclic decompositions of u and v. Then

x−1u1
−1uu1x = v−1vv1

and
v1x

−1u1
−1uu1xv1

−1 = v.
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Hence v must be a cyclic permutation of u (otherwise, (6) has no solutions
in F (A)). It follows that some initial segment of u (viewed as a word in
generators A±1), say u2, conjugates u into v. Hence

v = v−1
1 u−1

2 uu2v1

and the element x = u−1
1 u2v1 is a solution of the equation (6) (straightforward

verification).
Clearly, there exists an effective algorithm to find a solution of the type

x = u−1
1 u2v1 from above (check one by one all initial segments u2 of the word

u).
To describe all solutions of the equation (6) we rewrite it in the following

form
[u, x] = g, (here g = u−1v). (7)

This is a particular type of a commutator equation which we discuss in Section
3.4. Notice that if x = b and x = c are solutions of the equation 7 then
[u, b] = [u, c] which implies that [u, bc−1] = 1. Hence, if b is a particular
solution of (7), then all other solutions of (7) can be described as

x = y−1b,

where y is a solution of the homogeneous equation

[u, x] = 1. (8)

We will see in Section 4.1 how to describe all solutions of this homogeneous
equation.

Note. Observe, that the description above reminds remotely the descrip-
tion of solution sets of liner systems of equations over an arbitrary ring or
over an abelian group. Unfortunately, for equations over non-abelian groups,
as we will see later, this situation is rather an exceptional one.

Question: can be similar methods applied for solving equations of the
type [x, u1, . . . , un] = v (ui, v ∈ F (A))?

Here we define the commutator [x, u1, . . . , un] inductively as follows:

[x, u1, . . . , un] = [[x, u1, . . . , un−1], un].

2.3 Equation xn = g

For an element g ∈ F (A) consider the power equation

xn = g (n ∈ N) (9)
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Lemma 3 The power equation xn = g has at most one solution in F (A).

Proof. Suppose un = g for some u ∈ F (A). Let

u = u1
−1 ◦ (u) ◦ u

be the cyclic decomposition of u. Then

un = u1
−1 ◦ (u)n ◦ u1

is the cyclic decomposition of
g = un.

Hence
u1 = g1, (u)n = (g).

It follows that 9 has a solution in F (A) if and only if, firstly, n divides |(g)|
and , secondly, if

(g) = f1 ◦ f2 ◦ · · · ◦ fn

is the partition of (g) into n subwords of equal length, then

f1 = f2 · · · = fn

In this event
x = g−1

1f1g1

is the only solution of 9 in F (A).
Notice, that the argument above shows that for n ≥ |g| the equation

xn = g has no solution in F (A). Another remark is that if the power equation
has a solution in F (A), one can effectively find this solution in O(|g|) steps.

Definition 6 The Power Problem is decidable in a group G if there exists an
algorithm which determines whether a power equation xn = g(g ∈ G,n ∈ N)
has a solution in G or not.

Corollary 4 The Power Problem is decidable in a free group.

Notice, that there are finitely presented groups in which the power prob-
lem is undecidable.

The uniqueness of solutions of power equations in F (A) allows one to
define n-th root of elements of F (A).

Definition 7 The solution of the power equation xn = g is called the n-th
root of g in F (A).
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The maximal root of g is the n-th root of g with n maximal possible.
Observe that the maximal root of a non-trivial element on g ∈ F (A)

exists and it is unique.
The following picture (a cancellation scheme) explains geometrically how

to find a solution of a power equation xn = g. If x = u is a solution of this
equation then we have the following cancellation scheme:

g
1

-1 g
1g

u
1
-1

u
u

1 u
u

1 u
u

1 u
1 u u

1

2.4 Equation [x, y] = g

2.4.1 Homogenous equation [x, y] = 1

We start with the classical approach using induction on the total length of
solutions. Then we demonstrate how to solve the equation using cancellation
schemes.

Lemma 4 Let u, v ∈ F (A). If uv = vu then there exists w ∈ F (A) and
integers m,n such that

u = wm, v = wn

B Induction on |u|+ |v|.
If |u|+ |v| = 1, then u = 1 or v = 1 and in this case the conclusion of the

Lemma is obvious.Suppose now that |u|, |v| ≥ 1 and |u| ≤ |v|.
Case 1. There is no cancellation in uv i.e., |uv| = |u| + |v|. Then |vu| =

|uv| = |u| + |v| and there is no cancellation in vu. Hence vu and uv are
reduced. Now from uv = vu and |u| ≤ |v| we deduce that v = u ◦ v1.
Therefore uv1 = v1u and |v1| < |v|. By induction u and v1 (hence u and v)
are powers of some w ∈ F (A), as desired.

Case 2. Suppose u cancels completely in v. Then v = u−1v1 and the
equality uv = vu takes the form uu−1v1 = u−1v1u. The latter can be written
as

uv1 = v1u.

Since |v1| < |v| we can proceed by induction.
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Case 3. There is a cancellation in uv, but u does not cancel completely
in uv. In this event

u = u1 ◦ y, v = y−1 ◦ v1, y ∈ A±1.

Then uv = vu can be rewritten as

u1v1 = y−1v1u1y (10)

Since v does not cancel completely in uv, then vu begins with y−1. Similarly,
u1 does not cancel completely in u1v1 (otherwise u cancels out in uv), there-
fore u1 begins with y−1. Hence u1 = y−1 ◦ u2 ◦ y, v1 = y−1 ◦ v1 and it follows
from (10) that

u2v1 = v1y
−1u2y (11)

Notice (comparing lengths) that it must be a cancellation on the right in
11 and there is only one possible place to have the cancellation, namely,
v1 = v2 ◦ y. In this event, u = y−1 ◦ u2 ◦ y, v = y−1 ◦ v2 ◦ y equality uv = vu
takes the form

u2v2 = v2u2

and the conclusion of the lemma follow by induction.

Corollary 5 The set {(wn, wm)|w ∈ F (A), n,m ∈ Z} is the solution set of
the equation [x, y] = 1.

Now we illustrate the proof above by cancellation schemes.
Let u, v ∈ F (A) and [u, v] = 1.
Consider all possible cancellation schemes in the product uvu−1v−1.
Case 1. No cancellation in uv . then the corresponding scheme is the

following:

u

u

v

v

(we assume here that |u| ≤ |v| ).
Clearly, the point A divides v into two parts u and v1 (v = u ◦ v1). Draw

u on v and on the other occurrences of u in the scheme:

u

u

v
1u

u v
1
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and cut out the common initial segment u from the scheme, the resulting
scheme will be of the following type:

u

u

v
1

v
1

It is exactly the initial scheme provided |u| ≤ |v1|. We can repeat the
process until this is possible and in finitely many steps (say, m1 steps) we
will have:

{
v = um1v1, |u| > |v1|
u = u

The resulting scheme will be like this:

u

u

v
1

v
1

Now we see that u = v1 ◦u1 and we can again cut out the common initial
segment v1 from the scheme and proceed to do so until this is possible, i.e.,
until |u1|| ≺ |v1|. In finitely many steps, say K1 steps, we will have

{
v = um1 ◦ v1, |u1| ≤ |v1|
u = vK1

1 ◦ u1

Now again we have the initial cancellation scheme and we can repeat the
process again. Since, we cannot decrease the length of |u| or |v| forever, the
process will stop eventually. At this point we will have u1 = 1 or v1 = 1. In
any event, u and v will be powers of either u1 or v1.

Case 2. u cancels out in uv.

u

v

Then there exists only one possible scheme:
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u

v
u

If we draw it in the following way

v

then we can see that the process from Case 1 will work in this case also.
Case 3. There is a cancellation in uv. Then there is a cancellation in vu

and the corresponding scheme is as follows:

u v u

Let a be the first literal in u, i.e., u = a ◦ u1. Draw a in the scheme
Then we see that u = a ◦ u2 ◦ a−1, v = a ◦ v2 ◦ a−1.
Clearly, we can cut out this segment a everywhere in the scheme and the

resulting scheme will be the cancellation scheme for [u2, v2] = 1. It is easy to
see that in finitely many steps we will cut out either the whole initial segment
up to the point A, or we will cut out both pinches. In either case we wil get
the scheme from case 1) or case 2).

2.4.2 Centralizers in F (A). Commutative-transitive groups

Definition 8 Let G be a group and let M be a subset of G. Then the set

CG(M) = {g ∈ G|[g, m] = 1 ∀m ∈ M}
is called the centralizer of M in G.

It is easy to see that CG(M) is always a subgroup of G.

Proposition 3 Let F be a free group and M be a subset of F . If M 6= {1},
then the centralizer CF (M) is cyclic.



Combinatorics over free groups 28

va

a

a
-1

a aa
-1

a
-1

a
-1v

B. If g ∈ M , then CF (M) ⊆ CF (g). Therefore to prove the proposition it
suffices to prove that the centralizer CF (g) of any non-trivial element g ∈ F
is cyclic. Let q0 be the maximal root of g in F , then g = q0

k for some positive
k. We claim that for any f ∈ F if [q0

n, f ] = 1, then [q0, f ] = 1. Indeed, if
q0

nf = fq0
n, then

q0
k = fq0

kf−1 = (fq0f
−1)k

since k-roots of elements in F are unique (see section 2.3), then q0 = fq0f
−1

i.e., [q0, f ] = 1. It follows that CF (g) = CF (q0). Now if f ∈ CF (q0), then
by Lemma 4 q0 and f are powers of some element w ∈ F . Since q0 is not
a proper power, then q0 = w±1 and f is a power of q0. Consequently, the
maximal root q0 is a generator of the centralizer CF (g).

Definition 9 A group G is called commutative-transitive if the commutative
is an equivalence relation on G − {1}, i.e., if [g, f ] = 1 and [g, h] = 1 then
[f, h] = 1 provided f, g, h are non-trivial elements of G.

The commutative graph of G consists of elements from G−{1} as vertices
of this graph and two vertices q1h are connected by an edge if and only if
[g, h] = 1. So whenever we have

g
f 

h

then there exists an edge between f and h. Now it is clear, that a group G
is commutative-transitive if in its commutativity each connected component
is a complete graph (i.e., any two vertices are connected by an edge).

Now the following lemma is obvious.

Lemma 5 A group G is commutative-transitive if all proper centralizers of
G are commutative.

Corollary 6 Every free group is commutative-transitive.



Combinatorics over free groups 29

Notice, that commutative transitive groups have very simple structure of
centralizers: any two proper centralizers in such a group either are equal or
intersect in identity.

Notice also, that many non-free groups are commutative-transitive. For
example, proper centralizers in a torsion-free hyperbolic group are cyclic,
hence each such group is commutative-transitive.

2.4.3 Wick’s theorem

Let G be a group and g be an element of G. The equation

[x, y] = g

has a solution in G if and only if g is a commutator in G. It follows that the
Diophantine problem is decidable in the class of equations

{[x, y] = g|g ∈ G}

if and only if there exists an effective procedure for recognizing commutators
in G.

The following result shows that there exists an algorithm for recognizing
commutators in free groups.

Theorem 4 (Wick’s). Let F be a free group, g an element in F , and (g)
the cyclically reduced form of g. Then g is a commutator in F if and only if
some cyclic permutation of (g) is of the form

a ◦ b ◦ c ◦ a−1 ◦ b−1 ◦ c−1 (12)

for some a, b, c ∈ F .

B. Notice, that since g and (g) are conjugate then if one of them is a
commutator, then the other one also does.

Obviously, every commutator u−1v−1uv can be presented as a product
abca−1b−1c−1 (say a = u−1, b = v−1, c = 1) in which it may be some cancel-
lation. And vice versa, for any a, b, c ∈ F we have

abca−1b−1c−1 = (ab)(ca−1)(ab)−1(ca−1)−1

hence abca−1b−1c−1 is a commutator.
Now suppose g is a cyclically reduced commutator. As we have mentioned

above any cyclic permutation of g can be presented in the form abca−1b−1c−1.
Among all such presentations chose one with the minimal total length |a|+
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|b|+ |c|. We claim, that in this event there is no cancellation in the product
abca−1b−1c−1. To prove this it suffices to consider all possible cases where
cancellation can occur.

Suppose b = b1 ◦ y, c = y−1 ◦ c1.
Then

abca−1b−1c−1 = ab1c1a
−1y−1b1

−1c1
−1y

Conjugating by a, we obtain the following cyclic permutation of g:

b1c1a
−1y−1b1

−1c1
−1ya = b1c1(a

−1y−1)b−1
1 c−1

1 (a−1y−1)−1

with total length |b1| + |c1| + |a| + 1 < |a| + |b| + |c|-contradiction. Similar
argument shows that cancellation does not occur in all places.

Corollary 7 Commutators are effectively recognizable in free groups.

Indeed, let g be an element of a free group F . We can effectively find the
cyclically form (g) of g. If |(g)| is of odd length, then (g) (as well as g) is not
a commutator. If |(g)| is of even length, then we can take the left half of (g)
and partition in into all possible products of the type a ◦ b ◦ c.

Now for every such partition abc we check whether the right half of (g)
is equal to a−1b−1c−1 or not. If yes, then g is a commutator, if not, then we
take one by one all cyclic permutations of (g) and repeat the process for each
of them.

What is the complexity of the algorithm described above?
For a given g we can find in linear time (on (g)) the cyclically reduced

form (g) of g. Now, if (g) is of even length, then we have ≤ 1/2|(g)| choices
for a, b and c. Hence, altogether we have to check ≤ c · |g|3 combinations of
a, b and c. The equality problem (g) = a ◦ b ◦ c ◦ a−1 ◦ b−1 ◦ c−1 is of linear
time on |(g)|. Thus the complexity of the algorithm above is at most c|g|3 in
time.

2.4.4 Elementary transformations and minimal solutions

The following lemma shows how one can obtain infinitely many solutions of
the equation [x, y] = g from a given particular solution x = u, y = v.

Lemma 6 Let (u, v) be a solution of an equation

[x, y] = g.

Then pairs
(vmu, v) and (u, umv),m ∈ Z

are also solutions of this equation.
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B. This follows immediately from the following identities:

[vmu, v] = [vm, v]u[u, v] = [u, v] = g;

[u, umv] = [u, v][u, um]v = [u, v] = g.

So starting from a solution (u, v) we can generate infinitely many other so-
lutions:

(u, v) → (vm1u, v) → (vm1u, (vm1u)m2v) → (((vm1u)m2v)m3 , (vm1u)m2v) → . . .

Now we introduce the following elementary transformations on pairs of
elements from F :

U : (u, v) → (vu, v)

V : (u, v) → (u, uv).

Clearly, this transformation U, V has inverses

U−1 : (u, v) → (v−1u, v)

V −1 : (u, v) → (u, u−1v).

By Um, V m we denote the product of the m consequent transformation of
the type U, V correspondingly.

We will say that two pairs (u1, v1) and (u2, v2) are equivalent ((u1, v1) ∼
(u2, v2)) if one can transform (u1, v1) into (u2, v2) by a finite chain of elemen-
tary transformations. Clearly, ∼ is an equivalence relation on pairs

By Lemma 6 if (u, v) is a solution of [x, y] = g, then the equivalence class
[(u, v)] provides infinitely many other solutions of this equation. It follows
that the solution set V ([x, y] = g) of the equation is a union of equivalence
classes:

V ([x, y] = g) = ∪i∈I [(u1, vi)].

Our goal now is to prove that one can effectively find a finite collection of
solutions (u1, v1), . . . , (un, vn) such that

V ([x, y] = g) = [(u1, v1)] ∪ · · · ∪ [(un, vn)].

To this end we need the following

Definition 10 A solution (u, v) of the equation [x, y] = g is called minimal
if it has the minimal total length |u|+|v| among all solutions in its equivalence
class [(u, v)].
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Lemma 7 Let (u, v) be a minimal solution of the equation [x, y] = g. Then
in each of the products

uv, v−1u, u−1v−1

the total cancellation can not be greater than

min{1/2|u|, 1/2|v|}

Proof. Observe, that for arbitrary u, v ∈ F (A) the following conditions
are equivalent:

1) more than half of v cancels out in uv;
2) |uv| < |u|
This can be seen from the corresponding cancellation scheme:

vu p

u1
v1

Indeed,
|uv| = |u1|+ |v1| < |u| ⇔ |v1| < |p|.

Now, let (u, v) be a minimal pair.
Case 1. Consider the product uv.
Suppose, that more than half of v cancels out in uv. Then |uv| < |u|. In

this case
(u, v) ∼ (u, uv) ∼ (v−1, uv)

and |v−1| + |uv| = |v| + |uv| < |v| + |u| - contradiction with the minimality
of (u, v).

Suppose, that more then half of u cancels out in uv. Then |uv| < |v| and
the equivalence

(u, v) ∼ (u, uv)

shows that (u, v) is not minimal (|u|+ |uv| < |u|+ |v|).
Case 2. Suppose more than half of u cancels out in the product v−1u.

Then |v−1| < |v−1| = |v|. In this case

(u, v) ∼ (u, uv)

and |u|+ |uv| < |u|+ |v| - contradiction.
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Suppose that more than half of v cancels out in v−1u. Then

|v−1u| = |u|.
Hence,

(u, v) ∼ (v−1u, v)

and |v−1u|+ |v| < |u|+ |v| - contradiction.
Case 3. u−1v−1.
If more than half of u−1 cancels out in u−1v−1, then |u−1v−1| = |vu| < |v|.

Hence
(u, v) ∼ (vu, v) ∼ (vu, u−1)

and |vu| + |u−1| < |v| + |u| contradiction. If more than half of v−1 cancels
out in u−1v−1 then |u−1v−1| < |u−1| = |u|. Now

(u, v) ∼ (vu, v)

and |vu|+ |v| = |u−1v−1|+ |v| - contradiction.
Actually, it suffices to consider just the first case, two others are similar.

Corollary 8 Let (u, v) be a minimal solution of the equation [x, y] = g, (g 6=
1). Then at least one literal from each of the factors u−1, v−1, u, v occurs in
the reduced form of u−1v−1uv.

B. By the lemma above at most half of each factor can cancel out in the
products u−1v−1, v−1u, uv. Hence it has odd length, then the literal in the
middle of u does not cancel out in the product v−1uv. Similarly, if v−1 is of
odd length, then it does not cancel completely in u−1v−1u.

Suppose now that u is of even length, u = pq, |p| = |q|. If u cancels
out completely in v−1uv, then p = q−1 and u = 1. This implies g = 1-
contradiction. Hence u does not cancel completely in v−1uv, as well as v−1

in u−1v−1u.
It follows that reducing v−1 in u−1v−1uv we do not have cancellation

schemes of the types:

v

u

p
-1

-1

q

u

v
p-1

q

u

,

v

Hence, neither of the factors u−1, v−1, u, v cancels out completely in u−1v−1uv.
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Lemma 8 If (u, v) is a minimal solution of the equation [x, y] = g(g 6= 1)
then |u|+ |v| ≤ |g|.

B. Suppose g is not cyclically reduced, say g = a−1 ◦ g1 ◦ a. If we do not
have pinches in a cancellation scheme for

u−1v−1uv,

then |u−1| + |v−1| + |u| + |v| = |g| and the conclusion of the lemma holds.
Suppose we have at least one pinch in the cancellation scheme for u−1v−1uv;
say the scheme is of the type:

v

a
a
-1

-1
u

v

-1

then we can see that we have:

v

a
-1

a

a
a
-1

-1
u

v

hence u = a−1 ◦ u1 ◦ a, v = v1 ◦ a, g = g1
a.

Now, [u1, av1] = g1 and (u1, av1) is a minimal solution of the equation
[x, y] = g1. By induction on |g| we have

|u1|+ |av1| ≤ |g1|

hence
|u|+ |v| = |a−1 ◦ u1 ◦ a|+ |v1 ◦ a| ≤ |a−1 ◦ g1 ◦ a| = |g|.

Suppose now, that g is cyclically reduced. Then there is no cancellation
scheme with all three non-trivial pinches:
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v
-1

u
-1 vu

Indeed, in this event we have

v
-1

u
-1 vu

a
-1

a

aa
-1

a
-1

a a
-1

a

So u = a−1 ◦u1 ◦ a, v = a−1 ◦ v1 ◦ a, and hence g is not cyclically reduced-
contradiction. It implies, that we have to consider the schemes of the type (
with at least one trivial pinch):

v
-1

u
-1 vu

p
-1

q

Assume, |p| ≥ |q|. Then we have the following scheme:
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β

v
-1

u
-1 vu 

p
-1

q

αq-1 -1 -1 q p α β p
-1

where u = pαq, v = q−1βp−1. Hence

q−1α−1β−1qpαβp−1 = g (13)

Hence
|u|+ |v| = |p|+ |α|+ |q|+ |q|+ |β|+ |p| ≤ |g|.

Remark 1 Notice, that from (13) we have

q−1α−1β−1qpαβp−1 = g.

Hence the cyclic permutation of g:

α−1β−1(qp)αβ(p−1q−1)

is the Wick’s form of the type

a ◦ b ◦ c ◦ a−1 ◦ b−1 ◦ c−1.

It shows that Wick’s for the cyclic word g come from the minimal solutions
of [x, y] = g.

Corollary 9 There are only finitely many minimal solutions of the equation

[x, y] = g(q 6= 1).

If (u1, v1), . . . , (un, vn) are minimal solutions of the equation above, then the
solution set of this equation is a finite union of the equivalence classes:

[(u1, v1)] ∪ · · · ∪ [(un, vn)].

Moreover, we can effectively find the set of minimal solutions (u1, v1), · · · , (un, vn).

Corollary 10 Let F = F (a, b, . . .). Then the solution set of the equation
[x, y] = [a, b] is equal to the equivalence class [(a, b)], and (a, b) is the only
minimal solution of this equation.
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B. Indeed, if (u, v) is a minimal solution of [x, y] = [a, b], then |u|+|v| ≤ 4.
If |u| = 1, then |v| = 1 (since in this case u does not cancel in [u, v]). In this
event u = 1, v = b. If |u| = 2 = |v|, then

u−1 = a−1p−1, v−1 = pc

(since [a, b] begins with a−1 ) , and also v = c−1p−1 has to end on b. It follows
p = b−1, and substituting into [u, v] we see that [u, v] 6= [a, b]. So the case
|u| = |v| = 2 is not possible.

We described completely the solution set of the equation [x, y] = g.
It turns out that the methods we discussed here can be generalized into

much more general situations. In fact, they are some of the most powerful
methods in the theory of free groups. The transformations U, V are particular
types of so-called Nielsen elementary transformations, the idea of minimal
pairs gives rise to the notation of N -reduced sets, Wick’s forms exists for
an arbitrary quadratic equation over free groups and the idea of estimation
of the length of a minimal solution of an equation in terms of length of its
coefficients is the principal one in Makanin’s solution of the Diophantine
problem over free groups
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3.1 Graphs and automata

3.1.1 Graphs

A graph Γ consists of a set V (Γ) of vertices of Γ, a set E(Γ) of edges of Γ
and two functions:

E → V × V , e → (σe, τe)

E → E , e → (e)

which satisfy the following properties

¯̄e = e, e 6= e, σe = τ ē

Elements from V are called vertices of Γ, while elements of E are edges of
Γ, e is the inverse edge of e. We call σe the initial vertex of e or the starting
vertex of e; τe is the terminal or the final vertex of e. We also call them the
end-points of e. Two vertices are termed adjacent if they are end-points of
one and some edge. An orientation of graph Γ is a subset E+ ⊆ E such that

E+ ∩ Ē+ = ∅, E = E+ ∪ Ē+

An oriented graph consists of a set of vertices V , a set of edges E and a
function E → V × V ,

e → (σe , τe) e ∈ E

Notice, that any orientation E+ on a graph Γ determines an oriented
graph Γ+ and the function E+ → V × V which is the restriction of the
corresponding function on E in Γ. And vice versa, any oriented graph Γ
defines uniquely a graph Γ∗ in which E(Γ) is an orientation of Γ∗. Usually,
we use pictures to present graphs:

v
1

v
2

v
3

e
1

e
2

e
3

e
4

in which we draw only one edge e from each pair {e ē}. If a graph is
oriented we use arrows to show the orientation:
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A path of length n in Γ is a finite sequence of edges p = e1...en such that
σei+1 = τei, i = 1, ..., n−1. We say that the path p starts at σe1, and ends at
τen; in this event we also say that p connects σe1 and τen. A path p = e1...en

n ≥ 1, is a loop if it starts and ends at the same point. a simple loop or a
circuit is a loop e1...en such that all the vertices σ(e1), ..., σ(en) are different
(no self-intersections) and which is not of the form eē. A path e1...en is
reduced if ei 6= ēi+1 for any i = 1, ..., n − 1 (no back-tracking). By the
definition above any simple loop is reduced.

A graph Γ is connected if any two vertices of Γ are connected by a path
in Γ. It is easy to see, that any graph Γ is a disjoint union of its maximal
connected subgraphs, which are called the connected components of Γ.

A tree is a connected graph without simple loops. Clearly, if Γ is a tree,
then any two points in Γ are connected by a unique reduced path in Γ.

If u and v are two vertices in Γ, then a geodesic from u to v is a path in Γ
which starts at u and ends at v and with the minimal length among all the
paths connecting u and v. The length of a geodesic from u to v is called the
distance between u and v. This defines a metric on Γ. In general, a geodesic
between u and v is not unique, but if Γ is a tree then there exists only one
geodesic between two points.

By the Zorn‘s lemma every graph Γ contains a maximal subtree. Let Γ
be a connected graph, then a subtree T or Γ is maximal in Γ if and only if
V (Γ) = V (T ). By this reason we refer sometimes to a maximal subtree of Γ
as a spanning subtree of Γ.

Let Γ be an oriented graph and S be a set. We say that Γ is labeled by S
or S-labeled graph, if Γ comes equipped with a function

λ : E(Γ) → S.

We call λ(e) the label of an edge e.
Let Γ be a non-oriented graph. We say that Γ is labeled by S of there is

a function λ : E(Γ) → S±1 s.t.

λ(ē) = λ(ē)−1
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Let G be a group and S ⊆ G. We define a graph Γ(g, S) as a S-labeled
graph with set G and oriented E+ = G× S, such that σ(g , s) = g
,
τ(g, s) = gs, (g ∈ G , s ∈ S) and s is the label of (g , s) ∈ E+.

Example 1 Let G =< a > be a cyclic group generated by a, S = {a} ⊆ G.
Then Γ(G S) can be presented as follows:

a a a a a

a
-1

1 a a
2

The graph Γ(G S) is called the Cayley graph of G with respect to a subset
S ⊆ G.

Lemma 9 Let G be a group and S ⊆ G. Then:
1) Γ(G S) is connected ⇔ S generates G;
2) Γ(G S) is a tree ⇔ G is free on S.

To prove the lemma observe that any path p = e1 ... en from g to h in
Γ(G , S) corresponds to a word s1 ... sn in the alphabet S±1, where si is
the alphabet of ei , i = 1 , ..., n. We call this word s1 ... sn the label of
p. Now, for any g ∈ G some paths connect 1 and g in Γ(G , S) if and only
if g ∈< S >. This proves 1). To prove 2) notice that Γ(G S) is a tree if
and only if different reduced paths in Γ(G S) starting at 1 end at different
vertices, and all vertices are connected to 1.It implies that, different reduced
words in the alphabet S±1 define different elements of G, and each element
of G is defined by such a word.. Hence, S is a basis of G and G is free on S.

Example 2 Let F (a , b) be a free group on {a , b} and S = {a , b}. Then
we can present the Cayley graph Γ(F (a , b)S) by the following picture:
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1aa

a a

a a

a a

b

b

b

b

b

b b

b

3.1.2 Automata

Let S be a finite set and Γ be an S-labeled graph (oriented and non-trivial).
We say that Γ has One-way reading property, if the following condition holds:

(OR) for each vertex v in Γ and each label s ∈ S (or s ∈ S±1 in non-
oriented case) there exists at most one edge in Γ starting at v with label
s.

Suppose Γ has the property (OR). If we chose a vertex V0 ∈ V (Γ) and
a set Y ⊆ V (Γ) then the tuple (Γ , S , V0 , Y ) defines an automaton A.
This automaton A consists of the set of states Q = V (Γ) ∪ ⊕ ( here ⊕ is
a new symbol which we call “fails” symbol), the alphabet S or (S±1), the
starting state V0, the set of accepting states Y and the transition function
µ : Q×X → Q defined as follows:

µ(v, s) =





w, if v ∈ V (Γ) and there is an edge from v to w in Γ
with the label s;

⊕, otherwise.

We say that the automaton A accepts a word p in the alphabet S or (S±1)
if there is a loop at V0 in Γ with the label p. Notice, that in this event such
a loop is unique since Γ has one-way reading property. Denote by L(A) the
set of words in S (S±1) accepted by A.

Example 3 Let S = {a1 , ..., an}. Then a non-oriented graph
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a
n

a
1

a
2

v
0

accepts all words in the alphabet S±1.

If we want to construct an automaton that will accept precisely all reduced
words in S±1, then we have to use oriented graphs labeled by S±1.

A subset L ⊆ S∗ is called regular if L = L(A) for some finite automata
A (recall that by S∗ we denote the set of all words in S).

It is worth to mention that if L is a regular subset of (S±1)∗ then the set
L̄ which consists of all reduced forms of words from L, is also regular.

Here are some examples of oriented labeled graphs which accept only
reduced words.

Example 4 Let Γ be the following directed labeled graph with labels from
S = {a}±1:

aa
-1

a
-1 a

v
0

If we put Y = V (Γ), then Γ gives rise to a finite automaton A which
accepts all words of the type an, n ∈ Z and nothing else. Hence, L(A) = F (a).
In this case we say that A accepts the infinite cyclic group < a > generated
by a.

Example 5 Let Γ be the following directed labeled graph with labels from
S = {a , b}±1:
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a

a
-1

a
-1

a

v
0

a
-1

a
-1

a
a

b
-1

b
-1

b
-1

b
-1 b

b

b

b

If we put Y = V (Γ), then Γ determines an automaton A which accepts
precisely all reduced words in the alphabet {a , b}±1, i.e., A accepts the free
group F (a, b).

Observe, that for any group G and any subset S ⊆ G the Cayley graph
Γ(G , S) satisfies the one-way reading property.

Now, if we again choose V0 = 1 and Y = {1} then the graph Γ(G , S)
gives rise to an automaton, which is infinite if the group G is infinite. This
automaton accepts a reduced word in the alphabet S±1 if and only if this
word w is equal to 1 in G.

3.2 Stallings Foldings. ΓH

3.2.1 Construction of ΓH

Let F (A) be a free group with basis A = {a1, . . . , am}. Let H be a subgroup
of F generated by elements h1 . . . , hn ∈ F .

We will show how to construct a finite automaton Γ(H) which accepts
precisely the reduced in A±1 words which belong to H (if we identify F (A)
with the set of all reduced words in A±1 ).

We start with a finite non-oriented labeled graph Γ with labels from A±1.
The graph Γ has a distinguished vertex that we denote by 1 and n simple
loops p1, . . . , pn with labels h1, . . . , hn. Recall, that in any labeled graph if
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x is a label of an edge e, then x−1 is the label of the edge ē. In the graph
Γ the orientation E+ is given by all edges with labels a1, . . . , am. As usual,
we present the graph Γ by a picture in which we draw only edges from E+.
Thus

p
1

p
2

pn

1

where pi has label hi , i = 1, . . . , n.

Example 6 Let F = F (a , b) and H = 〈aba−1b−1a , ab−1〉, then the corre-
sponding graph Γ can be presented as follows:

1

a

a a

a

b

b

b

Observe, that for any subgroup H = 〈h1 , . . . , hn〉 the graph Γ satisfies
the following property:
(∗) an element f ∈ F belongs to H if and only if there exists a loop in Γ

at the vertex 1 with label w, such that w defines f ∈ F .

Indeed, every loop p in Γ is a product of finitely many simple loops
p±1

1 , . . . , p±1
n (here if pi = e1 · · · ek, then p−1

i = ēk ¯ek−1 · · · ē1). Hence
the label of p is a finite product of the elements h±1

1 , . . . , h±1
n , therefore it

defines an element of H. The inverse is obvious.
Notice, that in general, Γ does not satisfy the one-way reading property

(OR), hence Γ does not give rise to an automaton. For instance, in Example
6 there are two different edges from 1 with the same label a.

Now we will show how to produce a graph Γ(H) which satisfies both
properties (OR) and (∗).
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Γ(H) can be obtained from Γ by finitely many steps which are called re-
ductions. Suppose in a labeled graph ∆ there are two different edges starting
at the same vertex v and labeled by the same label a:

v v

a

a

a

then we transform the graph ∆ into a graph ∆′ identifying these two
edges and their terminal vertices. This is called a reduction of ∆.

Lemma 10 If ∆ satisfies (∗), then ∆′ also satisfies (∗).

B. To see this it suffices to notice that if p = e1 · · · en is a loop in ∆, then
p = e1 · · · en is also a loop in ∆′ and vice versa. C

Now, starting with the graph Γ we transport it by finitely many reductions
into a graph Γ(H) which satisfies the property (OR) and also the property
(∗):

Γ −→ Γ1 · · · −→ Γn = Γ(H).

Indeed, we do reductions until this is possible, the resulting graph Γ(H) has
no vertices with two different outgoing edges labeled by the same symbol.
Hence, Γ(H) satisfies (OR) and it also satisfies (*) by the lemma above.

Now, if we put v0 = 1 and Y = {1}, then Γ(H) gives rise to a finite
automaton which accepts H, i.e., Γ(H) accepts a reduced word in A±1 if and
only if this word defines an element from H.

From the discussion above we see that the following theorem has been
proved.

Theorem 5 Let H = 〈h1 . . . , hn〉 be a finitely generated subgroup of a free
group F = F (a1 . . . , am) of finite rank. Then one can effectively construct
a finite automaton Γ(H) which accepts H.

Notice, that we need at most

c m (|h1|+ · · · + |hn|)2

steps to construct Γ(H), c = const. so if the group F is fixed, then the
procedure of constructing Γ(H) is of quadratic-time complexity.
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Corollary 11 Let F be a free group of finite rank. The membership problem
for F is decidable, i.e., for given words w h1 . . . , hn ∈ F one can effectively
decide whether w ∈ 〈h1 . . . , hn〉 or not and this takes at most C (|w|+(|h1|+
· · · + |hn|)2) steps, where C is a constant which depends linearly on the rank
of F .

There is a relation between graphs Γ(F , A) and Γ(H).
Let G be a group, A ⊆ G, and Γ = Γ(G , A) be the Cayley graph of G

with respect to A. The group G acts on Γ(G , A) by left multiplication:

v
g−→ gv, (v , a)

g−→ (gv , a);

here v ∈ V (Γ), (v , a) ∈ E(Γ) , g ∈ G. This map is an isomorphism of Γ.
Let H be a subgroup of G. Then H also acts on Γ. Denote by ΓH the

quotient graph under this action:

ΓH = Γ/H.

The vertices of ΓH are the orbits of the action of H on Γ; hence they are
just the right cosets of H in G:

Hf = {g ∈ G|∃ h ∈ H, g = hf}.

There is an edge with label a ∈ A from Hf into Hg if and only if Hfa = Hg.
This turns ΓH into an A-labeled graph. Notice, that every loop in ΓH at
the vertex H defines an element from H. Moreover, ΓH has one-way reading
property. So, if we put v0 = H, Y = {H}, then ΓH gives rise to an automaton
which accepts H. It is not hard to see, that Γ(H) is embeddable into ΓH ,
and any loop at H in ΓH is a product of loops in Γ(H) (we identify Γ(H)
with its image in ΓH). We will prove this in section ???

3.2.2 Jitsukawa’s Theorem

Let K = 〈w1, . . . , wm〉 be a finitely generated subgroup of a finitely generated
free group Fn = 〈x1, . . . , xn〉, where each wi is a reduced word in Fn. By the
Stallings folding, we can obtain the core graph Γ(K) which accepts exactly
K. Every core graph has the following properties:

1) it is a finite connected gra[h with the base point,
2) the degree of each vertex is not more than 2n, and is more than 1

except at the base point.
Let J = {graphs equipped with 1) and 2)}.
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Theorem 6 Let G ∈ J . Then, there exists a finitely generated sungroup K
of the finitely generated free group Fn such that G = Γ(K) by assigning labels
and directions appropriately.

Definition 11 A 2-factor of a graph is a spanning subgraph, that is a sub-
graph containing every vertex of the graph, so that every vertex has degree
2.

Definition 12 A graph is said to be 2-factorable if the graph can be decom-
posed into edge disjoint 2-factors.

Theorem 7 (Petersen) Every finite even degree regular graph is 2-factorable.

Factorization of a graph is not unique. The following are two different
2-factorizations of a 4-regular graph.

Lemma 11 Let G be a finite graph. Then, there exists a regular graph such
that G is a spanning subgraph of the graph.

B. Let m′ be the maximum degree of the vertices of G and let

m =

{
m′, if m′ is even,
m′ + 1, if m′ is odd.

First, we add
⌊

m−deg(v)
2

⌋
loops to each vertex v of G. Then, the degree

of each vertex is m or m − 1, and, there is even number of odd degree
vertices since every graph has even number of odd degree vertices. Second,
we pick two odd degree vertices if there are any, and connect them by an
edge. Repeat this connection as long as possible. The resulting graph is an
m-regular graph containing G as a spanning subgraph. C
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Proof of the Theorem. Let G̃ be a finite 2n-regular graph, which contains
G as a subgraph. By the Petersen’s Theorem we can decompose G̃ into
n 2-graphs. Then, each 2-factor consists of disjoint union of loops. Pick
a 2-factor of G̃ and label all the edges by x1, and direct each edge along
each loop. Then, at each vertex of G̃ we have one outgoing x1-edge and one
incoming x1-edge. Similarly, we repeat this assignment for all other 2-factors
with other labels. Now, we look at subgraph G, which is folded. And, to
obtain a set of generators of K, take a maximal tree of G, which involves
the base point of G as a vertex. The Schreier’s Method gives us a set of
generators of K. C

3.3 Subgroup Theorem

The subgroup theorem for free groups states that every subgroup H of a free
group F is free. We will prove the subgroup theorem here for only finitely
generated subgroups, leaving the infinite case for Section ???. Also, we will
show how to find effectively a basis of H, hence we can compute effectively
the rank of H.

Let F be a free group with basis A = {a1 , . . . , am}. Let H =<
h1 , . . . , hn > be a subgroup of F . Denote by Γ(H) the finite A-labeled
graph from the Section 3.2.1 which gives rise to an automaton which accepts
H. (We will say, that Γ(H) accepts H). We saw already that a reduced
word w belongs to H if there exists a loop at 1 in Γ(H) with the label w.
Now we will show how to construct a finite set of so called fundamental loops
p1 , . . . , pk in Γ(H), such that their labels form a basis of H.

Let T be a maximal subtree of Γ(H). For a vertex v ∈ Γ(H) denote by
γ(v) the unique reduced path in T from 1 to v. Now, for an edge e ∈ Γ(H)
the path

pe = γ(σe)eγ(τe)−1

is a loop at 1. Notice, that pe is reduced if e ∈ Γ(H)− T .

e

γ(τe)

γ(σe)

1

e

γ(τe)

γ(σe)

1
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e ∈ Γ(H)− T e ∈ T

Denote by se the label of pe.
Claim 1. The set

ST = {Se | e ∈ Γ(H)− T}
generates H.

Indeed, since pe is a loop at 1 in Γ(H), then se ∈ H. Now let w be an
arbitrary element of H. We think of w as a reduced word in A±1. Since Γ(H)
accepts w, then there exists a loop

q = e1 · · · en

in Γ with the label w. Notice, that q = pe1 · · · pen

1

pei

pei+1

ei ei+1

Therefore, w = se1 · · · sen in F (A) hence w ∈ 〈ST 〉.
Claim 2. The set ST is a basis of H.
Let

w = sε1
e1
· · · sεk

ek

be a reduced non-trivial word in S±1
T .

Then the edges eε1
1 . . . , eεk

k can not be reduced in reducing the path
pε1

e1
· · · pεk

ek
= q, i.e., the labels of these edges, say, µε1

1 , . . . , µεk
k can not

cancel out in reducing w.
Indeed, for any element se ∈ ST and any other element sf ∈ ST , (e 6= f)

the longest initial segment of se that cancels out in the product

sε
fse (ε ∈ {−1 , 1})

is a subword of γ(σe), since e, f /∈ T and e 6= f±1. Similarly, the longest
terminal subword of se that can be canceled out in a product of the type

ses
ε
f , (ε ∈ {−1 , 1})
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f
ε

e

γ(σe) γ(τe)

e

f
ε

is a subword of γ(τe)−1.
Hence, the cancellation in w does not affect the labels µε1

1 , . . . , µεk
k - the

”midles” of sε1
e1

, . . . , sεk
ek

. Thus w 6= 1.
It implies, that ST is a basis of H.
Consequently H is a free group on ST . Thus we proved the following

Theorem 8 (Nielsen). Every finitely generated subgroup of F is free.

Nielsen proved this theorem using a completely different argument , which
we will discuss in the next chapter.

Observe, that we also prove the following results.

Corollary 12 For a given finitely generated subgroup H = 〈h1 , . . . , hn〉 of
F one can effectively find a basis of H.

Corollary 13 For a given f.g. subgroup H = 〈h1 , . . . , hn〉 of F one can
effectively find the rank of H.

Indeed, for a given H we can effectively construct the graph Γ(H). For the
finite graph Γ(H) we can effectively find a maximal subtree T of Γ(H) (this
is a well known procedure in graph theory, we will discuss one particular
method of finding a maximal subtree in Section ??? ). Then for a given
maximal subtree T we form the basis ST of H. Notice, that the rank of H is
equal to

|ST | = the number of edges in (Γ(H)− T ).

If we denote by n the number of edges in Γ(H) and by m the number of
vertices in Γ(H), then

the number of edges in T = the number of vertices in T − 1 = m− 1.

Hence,
rank H = n−m + 1

.
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3.4 Finite index

Let H be a subgroup of a group G. A set R ⊆ G is called a set of (right)
representatives of H in G or a (right) transversal of G in H, if each right
caset of H contains one and only one element from R. In this event

G =
⋃

ri∈R

Hri.

The cardinality of a transversal R of H in G is called the index of H in G,
we denote it by [G : H].

Notice, that if G is a finitely generated group and H is a subgroup of
finite index in G, then H is finitely generated. Indeed, let G be generated
by a finite set

X = {x1 , . . . , xn}
and R = {r1 . . . , rn} be a finite transversal of H in G, containing 1. Denote
by ḡ the representative of an element g ∈ G in R. Put

t(r , x) = rx(rx)
−1

.

Then the set SX,R = {t(r , x) | r ∈ R , x ∈ X} generates H. Indeed, let

w = y1 · · · ye ∈ H, (yi ∈ X±1).

Then
w = (1 · y11 · y1

−1
)(y1y2(y1y2)

−1
)(y1y2y3y1y2y3

−1
)

· · · (y1y2 ... yn−1 · yn(y1 ... yn)−1)y1 · · · yn.

But since ȳ1 · · · yn ∈ H, then y1 · · · yn = 1, hence

w ∈ 〈SX,R〉,

as desired.

Definition 13 We say that the Index Problem is decidable in G if for any
finitely generated subgroup H of G we can effectively find the index of H in
G.

It is understood, that the group G above if finitely presented.
Notice, that if the group G above is finitely presented and H is a finitely

generated subgroup of G of finite index, then there exists an effective proce-
dure, so-called Todd-Coxeter algorithm, to find a transversal R of H in G.
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Moreover, in this case, for each g ∈ G we can effectively find the represen-
tative of g in R. It implies, that if the Index Problem is decidable over G,
then the membership problem is also decidable for G. Since there are groups
with the undecidable membership problem, the there are groups with the
undecidable Index Problem.

We will see shortly, that the index problem is decidable in an arbitrary
free group. Let F = F (A) be a free group with basis A = {a1 , . . . , am},
and H = 〈h1 , . . . , hn〉 be a finitely generated subgroup of F . as before, we
denote by Γ(H) the finite graph corresponding to the subgroup H; Γ(H) is
an A-labeled graph such that a reduced word w in the alphabet A±1 belongs
to H if there exists a loop at 1 in Γ(H) with label w.

Definition 14 We say that an A-labeled graph Γ is regular if for any vertex
v in Γ and any label a ∈ A there exists an edge in Γ starting at v and with
label a.

Theorem 9 A finitely generated subgroup H of F has a finite index if and
only if Γ(H) is a regular A±1-labeled graph.

Proof. Suppose Γ(H) is not a regular A-labeled graph. Then there exists
a vertex v ∈ Γ(H) and a label a ∈ A±1, such that there is no edge in Γ(H)
starting at v and labeled by a. Let p be a reduced path from 1 into v in
Γ(H) and g be the label of the path p. Choose a letter b ∈ A which is not
equal to a or a−1 (we can assume that F is of rank more than 1), and define
a word w as follows:

w =

{
ga, if g does not begin with a−1,
gab, otherwise.

Clearly, w is a cyclically reduced word. Hence any power wk is also
reduced as written. Notice, that wk /∈ H. Indeed, we cannot ”read” ga inside
Γ(H), i.e., after reading of ga we go to the ”fails” vertex ⊗ (see Section ???)
Now, it follows, that

Hwk = Hwe ⇔ wk−e ∈ H ⇔ k = e.

Hence, H is of infinite index in F .
Suppose now, that the graph Γ(H) is a regular A±1-labeled graph. Let

T be a maximal subtree of Γ(H). For any vertex v ∈ Γ(H) denote by γ(v)
the path from 1 into v inside T . If w is a reduced word in A±1, then we can
read off w inside Γ(H) starting at 1. Let vw be the vertex where we finish
reading w off inside Γ(H).
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γ(v
w

)

1

w vw

Then wγ(vw)−1 is the label of a loop in Γ(H) at 1, hence

wγ(vw) ∈ H.

Therefore
Hw = Hγ(vw)

and γ(vw) is a representative of w modulo H. Put

RT = {γ(v) | v ∈ Γ(H)

then RT is a transversal of H in F . Since Γ(H) is a finite graph, then
|RT | < ∞ and H is of finite index in F .

Theorem is proved.

Corollary 14 Let H be a f.g. subgroup of a free group F . If H contains a
non-trivial normal subgroup of F , then H has a finite index in F .

Proof. Let N / F , N ≤ H and 1 6= g ∈ N . If F is of rank 1 then every
non-trivial subgroup of F has finite index. Suppose now that F is of rank at
lest 2. Then for any element f ∈ F there exists an element h ∈ H such that

w = fhgh−1f−1

is reduced as written (in fact, if a , b are part of a basis of F , then one can
choose h to be either a±1 or b±1 ). Since, w ∈ N the word w is readable in
Γ(H), hence arbitrary f ∈ F is readable in Γ(H). It implies, that Γ(H) is a
regular graph, so H has finite index in F .

Corollary 15 Let H be of finite index in F , and T be a maximal subtree of
Γ(H). Then

RT = {γ(v) | v ∈ Γ(H)}
is a right transversal of H in F . In particular, [F : H] equals to the number
of vertices in Γ(H).
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Definition 15 A transversal R of H in F is called a Schreier‘s transversal
if for any r ∈ R every initial segment of r also belongs to R, i.e., if r ∈ R
and r = r1 ◦ r2, then r1 ∈ R.

Notice, that the transversal RT is a Schreier‘s transversal of H in F .

Corollary 16 Let H be a subgroup of finite index in F . Then one can
effectively find a Schreier‘s transversal of H in F .

Corollary 17 Let H be a subgroup of finite index in F . Then

[F : H] =
rank H − 1

rank F − 1
.

B. Let rank F = n, m = the number of vertices in Γ(H). Since Γ(H) is
regular, then exactly 2n different edges start at every vertex in Γ(H). Then
(2n)m is twice the number of edges in Γ(H) (each edge is counted once at
each of its end-points). Hence

mn = the number of edges in Γ(H).

As we have mentioned in Section ???

rank H−1 = the number of edges in Γ(H)−the number of vertices in Γ(H) = nm−m

. Notice, that
[F : H] = |RT | = m.

Hence,

[F : H] = m =
nm−m

n− 1
=

rank H − 1

rank F − 1
.

Corollary is proved.
Now we will prove that if H is a subgroup of finite index of a finitely

generated group G, then all Schreier’s transversals of H can be obtained as
RT for some maximal tree T of some finite automaton Γ accepting H.

Proposition 4 Let G = 〈x1 , . . . , xn〉 be a finitely generated group and
H is a subgroup of finite index in G with a Schreier’s transversal R =
{r1 , . . . , rk}. Then there exists a finite X±1-labeled regular automaton Γ
accepting H and a maximal subtree T of Γ such that

R = RT
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u v

x

B. Denote by V the set of all initial segment of all words in R (including
elements from R themselves). Let a graph Γ be a graph with vertex set
V in which for each label x ∈ X±1 and each vertex v ∈ V there exists
an edge starting at v with label x and the final vertex v̄x, where v̄x is the
representative of vx in R.

Clearly, Γ is a finite X±1-labeled regular graph. Let T consist of all edges
of the type

in which v = u ◦ x and v is a subword of some r ∈ R. Clearly T is a
maximal subtree of Γ. Now, Γ accepts H and R = RT .

To see that it is enough to repeat the argument from page 52. But the
best way to present this argument, is by the following picture:

let
w = y1 · · · yk ∈ H , yi ∈ X±1

then

1

y
1

y
2

y
3

y
k

y
1

y
1
y

2

y
1
y

2
y

3

y
1

w = y1y2y3 · · · yk = (y1y1
−1)(y1y2y1y2

−1
)(y1y2y3y1y2y3

−1
)

· · · (y1y2 · · ·yn).

Hence, y1y2 · · · yn ∈ H and therefore it is equal to 1. Now the picture above
has the form

and w = py1py2 · · · pyk
(see Section ???), where

pyi
= γ(σy1)yiγ(τy1)

−1

and γ(v) is the unique path in T from 1 into v, (v ∈ V ).
It implies that R = RT as desired.
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1

y
1

y
2

y
4

We will discuss Schreier’s representatives for arbitrary (not only finitely
generated) subgroups of F in Section ??? .

3.5 Howson property

Definition 16 A group G has the Howson property if the intersection of
any two finitely generated subgroups of G are again finitely generated.

Example 7 Finite groups and abelian groups have the Howson property.
In fact, these groups satisfy an even stronger condition: every subgroup of
finitely generated abelian (or finite) group is finitely generated.

We say that a group G satisfies the maximal condition on subgroups (G
has max) if every subgroup G is finitely generated. It is easy to see that G
has max if and only if G satisfies ascending chain condition on subgroups,
i.e., every strictly increasing chain of subgroups is finite.

It is known, that finitely generated nilpotent groups and polycyclic groups
have max (see, []).

We saw already, that every non-abelian free group contains a subgroup
of infinite (countable) rank, so non-abelian free groups do not have max.
Nevertheless, we have the following theorem.

Theorem 10 (Howson, 54). Free groups have the Howson property.

B. Let H and K be finitely generated subgroups of a free group F . We
can assume, that F is finitely generated (otherwise, we replace F by the
subgroup 〈H , K〉, which is finitely generated, hence it is free of finite rank).
The easiest way to prove the theorem is the following. We have proved above
that H and K are regular subsets of F . (i.e., there are some automata that
accept them). Now it is a well-known result in the automata theory that the
intersection of two regular sets is again regular, hence H ∩K is accepted by
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some finite automata Γ. Now as we saw in Section ??? the subgroup H ∩K
is finitely generated. That’s it. But we would like to have a description of
this automata Γ (we will use it in the discussion of H. Newmann conjecture).
C

To this end, let us consider the product operation on labeled graphs.
Let Γ and ∆ be A-labeled graphs (directed or non-directed) with labels

in a set A. By Γ×∆ we denote the direct product of graphs Γ and ∆, i.e.,
Γ×∆ is an A-labeled graph defined as follows

V (Γ×∆) = V (Γ)× V (∆)

and edges are defined coordinate-wise: for vertices (u1 , v1), (u2 , v2) ∈
V (Γ × ∆) we define an edge in Γ × ∆ from (u1 , v1) into (u2 , v2) with a
label a ∈ A if and only if there is an edge in Γ from u1 into u2 with label a
and there is an edge in ∆ from v1 into v2 with the label a:

u

v

a

u
2

v

a

1

1 2

Γ :

∆ :

u

a

u
2

1

(u
1
,v

1
) (u ,v2

)
2 

Γ ∆

It is easy to see, that if Γ(H) and Γ(K) are finite state automata, which
accept H and K, correspondingly, then Γ = Γ(H)× Γ(K) accepts H ∩K.

Example 8 Let F = F (a , b), H = 〈a2〉, K = 〈a3〉.

u a u2

a

1

a

Γ(H) ∆

1

1 v

a

a

(H)

Then according to the construction above Γ has the following form:

Thus, for given finitely generated subgroups H = 〈h1 , . . . , hm〉, K =
〈k1 , . . . , km〉 of a free group F we can construct the automaton Γ, which
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1

a

a

a a

a

a

(u2,1)

(u1,v1)

(1,v1)

(u1,1)

(u2,v1)

accepts H ∩K. Now, we can effectively construct a maximal subtree T of Γ,
hence we can find the free basis ST of H ∩ K corresponding to the tree T .
We formulate this as:

Corollary 18 There exists an algorithm to find a set of generators of the
intersection of any two finitely generated subgroups of F given by some finite
generating sets.

3.6 Hanna Neumann Conjecture

3.6.1 HNC

In paper [?], improving the result of A. Howson, Hanna Neumann proved
the following bound on the rank of intersection of two non-trivial finitely
generated subgroups H, K 6= F :

r(H ∩K)− 1 ≤ 2(r(H)− 1)(r(K)− 1).

In the same paper she asked if the factor 2 can be dropped. This became
known as the H.Neumann Conjecture (HNC):

(HNC) Is is true that for every non-trivial f.g. subgroups H, K ≤ F the
following inequality holds:

r(H ∩K)− 1 ≤ (r(H)− 1)(r(K)− 1).

We show how Stallings’ foldings can be applied to prove H.Neumann result.
This exposition is based on papers by S. Gersten [?, ?, G] Imrich, Nicholas,
???.

Obviously, HNC holds if at least one of the subgroups H,K has rank 1.
Tardos [?] proved that HNC holds if at least one of the subgroups H,K

has rank 2. W.Dicks and E.Formanek showed that HNC holds if at least one
of the subgroups has rank 3. Two reductions:
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Reduction 1 One can always assume that the free group F has rank 2.

Indeed, let φ be a monomorphism φ : F −→ F2. Thus r(H) = r(Hφ), r(K) =
r(Kφ), r(H ∩K) = r(Hφ ∩Kφ). Hence the result.

Reduction 2 One can always assume that the graphs ΓH and ΓK do not
have vertices of degree 1.

Proof. We have seen already that for every subgroup H ≤ F the graph
H has at worst one vertex of degree 1 - the starting vertex 1H . If 1H has
degree 1, then ΓH has the following form:

A

Γ(H)

Let Γ0
H be the core of the graph ΓH and p be the unique shortest path

connecting 1H to Γ0
H . If u ∈ F is the label of the path p then every element

h ∈ H is of the form uh0u
−1, where h0 is the label of some closed path

in Γ0
H started at A - the endpoint of p. We turn Γ0

H into a deterministic
finite automaton with starting and termination vertex A. In fact, Γ0

H is the
Stallings folding of the subgroup H0 = u−1Hu.

Now, replacing subgroups H,K by their conjugates Hu, Ku we can as-
sume that the folding Γ0

Hu = ΓH0 = Γ0
H is a core graph, i.e., it does not

contain vertices of degree 1.
The argument above shows that ΓKu has the form:
Let q be the shortest path connecting iK to the core(ΓKu) and B be the

endpoint of q, and let v be the label of q.
If H ∩K = 1 then HNC obviously holds.
If H∩K 6= 1 then there exists a non-trivial w ∈ H∩K. Since ΓKu accepts

w it follows that w = uw0u
−1 as reduced word. Hence there is a path pu in

ΓHu starting at 1 with the label u. Let C be the endpoint of pu. Consider
subgroups Huv, Kuv. The argument above shows that ΓKuv has no vertices
of degree 1. Observe that ΓHuv is the graph ΓHu with distinguished point C.
So it does not have vertices of degree 1 either.
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B

q

1
Ku

Now HNC holds for (H, K) iff it golds for (Huv, Ku,v). That finishes
reduction 2.

Recall that
r(H) = |E(ΓH)| − |V (ΓH)|+ 1

hence
r(H)− 1 = n−m.

Now, for a vertex v in a graph Γ, we denote by d(v) the number of edges
adjacent to v (i.e. d(v) is the sum of all outgoing edges at v and all incoming
edges).

Denote by di(v) the number of vertices in Γ of degree i. Clearly:

m =
∑

i

di(Γ), 2n =
∑

i

idi(Γ)

(since each edge inputs one to incoming degree of its terminal vetrex, and
inputs one to outcoming degree of its initial vertex, even though these vertices
are equal).

Hence

r(H)− 1 =
1

2

∑
i

idi(ΓH)−
∑

i

di(ΓH).

Now suppose H ≤ F2. Then

r(H)− 1 =
1

2

4∑
i=1

idi(ΓH)−
4∑

i=1

di(ΓH) = d4(ΓH) +
1

2
d3(ΓH)− 1

2
d1(ΓH).

If d1(H) = 0 then

r(H)− 1 = d4(ΓH) +
1

2
d3(ΓH).

This formula gives a powerful tool in investigating HNC. One can rewrite
(r(H)− 1)(r(K)− 1) as follows
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(∗) (r(H)− 1)(r(K)− 1) = (d4(ΓH) +
1

2
d3(ΓH))(d4(ΓK) +

1

2
d3(ΓK))

= d4,Hd4,K +
1

2
d4,Hd3,K +

1

2
d3,Hd4,K +

1

4
d3,Hd3,K .

One can estimate r(H∩K)−1 using the product automaton ΓH×ΓK . Indeed,
recall that ΓH∩K is the core of the connected component of the graph ΓH×ΓK

containing point (1H , 1K). In any case ΓH∩K is a subgraph of ΓH×ΓK . Hence

d4(ΓH∩K) ≤ d4(ΓH × ΓK),

d3(ΓH∩K) ≤ d3(ΓH × ΓK).

Clearly, a vertex (u, v) ∈ ΓH×ΓK has degree 4 iff vertices u, v have degree
4 in ΓH , ΓK . Hnece

d4(ΓH × ΓK) = d4(ΓH)d4(ΓK).

To estimate d3(ΓH × ΓK) we need the following notation. There are four
types of vertices of degree 3 in a graph Γ labelled by {a, b}±1:

a

b b

a

b b

b

a a

b

a a

type  a type  a-1 type  b type  b-1

Denote by Cx(Γ) the number of vertices of type x in Γ. Clearly

d3(Γ) =
∑

x∈{a,b}pm1

Cx(Γ).

Observe that if u, v are vertices of degree 3 in ΓH , ΓK then (u, v) has type
x iff both u, v have type x. This shows that there are Cx(ΓH)Cx(ΓK) vertices
of type x in ΓH × ΓK . Hence

d3(ΓH × ΓK) = d4(ΓH)d3(ΓK) + d3(ΓH)d4(ΓK) +
∑

x

Cx(ΓH)Cx(ΓK).

To simplify notations we will write di,H , Cx,H instead of di(ΓH), Cx(ΓH).
Now

(∗∗) r(H ∩K)− 1 = d4(ΓH∩K) +
1

2
d3(ΓH∩K)− 1

2
d1(ΓH∩K)
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≤ d4(ΓH∩K) +
1

2
d3(ΓH∩K)

≤ d4,Hd4,K +
1

2

[
d4,Hd3,K + d3,Hd4,K +

∑
x

Cx,HCx,K

]
.

Clearly, if the righthand side of (∗∗) is less than the righthand side of (∗)
then HNC holds for (H,K). This amounts to:

d4,Hd4,K +
1

2

[
d4,Hd3,K + d3,Hd4,K +

∑
x

Cx,HCx,K

]

≤ d4,Hd4,K +
1

2
d4,Hd3,K +

1

2
d3,Hd4,K +

1

4
d3,Hd3,K .

Simplifying:

(∗ ∗ ∗) 1

2

∑
x

Cx,HCx,K ≤ 1

4
d3,Hd3,K .

We summarize the discussion above in the following lemma.

Lemma 12 Let H,K ≤ F2. If Reduction 2 holds for H, K and

∑
x

Cx,HCx,K ≤ 1

2
d3,Hd3,K

then HNC holds for (H, K).

Now we deduce several corollaries from this result.
1. H.Neumann bound:

r(H ∩K)− 1 ≤ 2(r(H)− 1)(r(K)− 1).

It sufficies to show that

1

2

∑
x

Cx,HCx,K ≤ 1

4
d3,Hd3,K + (r(H)− 1)(r(K)− 1).

From (∗) we see that

(r(H)− 1)(r(K)− 1) ≥ 1

2
d3,Hd3,K .

Hence
1

2
d3,Hd3,K + (r(H)− 1)(r(K)− 1) ≥ d3,Hd3,K .
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But
∑

x Cx,HCx,K ≤ ∑
x Cx,Hd3,K ≤ d3,K

∑
x Cx,H = d3,Hd3,K as required.

2. R.Burns bound:

r(H ∩K)− 1 ≤ 2(r(H)− 1)(r(K)− 1)−min{r(H)− 1, r(K)− 1}.

Again, it sufficies to show that

1

2

∑
x

Cx,HCx,K ≤ 1

4
d3,Hd3,K +(r(H)−1)(r(K)−1)−min{r(H)−1, r(K)−1}.

By (∗):
1

4
d3,Hd3,K + (r(H)− 1)(r(K)− 1) =

=
1

2
d3,Hd3,K + d4,Hd4,K +

1

2
d4,Hd3,K +

1

2
d3,Hd4,K .

Since 1
2

∑
x Cx,HCx,K ≤ 1

2
d3,Hd3,K to prove R.Burns’ bound one needs to

show that

(∗ ∗ ∗∗) min{r(H)− 1, r(K)− 1} ≤ d4,Hd4,K +
1

2
d4,Hd3,K +

1

2
d3,Hd4,K .

If d4,H 6= 0 then d4,Hd4,K + 1
2
d4,Hd3,K = d4,H(d4,K + 1

2
d3,K) ≥ r(K) − 1

and (∗ ∗ ∗∗) holds.
Similarly, for the case d4,K 6= 0.
Now suppose d4,H = d4,K = 0. Then r(H)− 1 = 1

2
d3,H , r(K)− 1 = 1

2
d3,K

and it sufficies to show that

1

2
min{d3,H , d3,K} ≤ 1

4
d3,Hd3,K .

Suppose d3,H ≤ d3,K . Then one needs to show

d3,H ≤ 1

2
d3,Hd3,K ,

i.e.,
2 ≤ d3,K .

Observe that if d3,K = 0 then ΓK is a simple cycle and K is cyclic (hence
HNC holds for (H, K)). Now, let d3,K 6= 0.

Observe, that

2n =
4∑

i=1

idi = 2d2 + 3d3

hence d3 is even, i.e., d3 ≥ 2 as required.
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One of the important devepopments toward proving HNC is due to W.Neumann.
We start this discussion with the following sufficient condition for HNC from
above: ∑

x

Cx,HCx,K ≤ 1

2
d3,Hd3,K .

We rewrite it as follows:

d3,Hd3,K − 2
∑

x

Cx,HCx,K ≥ 0

d3,H

∑
x

Cx,K − 2
∑

x

Cx,HCx,K ≥ 0

(∇)
∑

x

(d3,H − 2Cx,H)Cx,K ≥ 0.

Now if (H, K) is a counterexample to HNC then

(∇∇)
∑

x

(d3,H − 2Cx,H)Cx,K < 0.

Hence there exists x ∈ {a, b}±1 such that

d3,H − 2Cx,H < 0,

i.e.,

Cx,H ≥ 1

2
d3,H ,

i.e., there are more than half vertices of the type x in ΓH .
Similarly, there exists x ∈ {a, b}±1 such that

Cy,K ≥ 1

2
d3,K .

Lemma 13 (W.Neumann). Let H, K ≤ F2. If (H,K) is a counterexample
to HNC then there exists x ∈ {a, b}±1 such that

Cx,H ≥ 1

2
d3,H , Cx,K ≥ 1

2
d3,K .

Proof. Observe first that the argument in Reduction 2 shows that we can
assume that d1,H = d1,K = 0. Indeed, the graph ΓHuv and ΓH , as well as
ΓKuv and ΓK have the same vertices of degree 3 (since they have the same
core graphs, just the strting point perhaps is different).
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Now let for a given x ∈ {a, b}±1

Cx,H ≥ 1

2
d3,H .

For each j = 1, 2, 3, 4 consider a set

Sj = {(a1, . . . , a4) ∈ R4
+ | a1 + · · ·+ a4 − 2aj < 0, ai ≥ 0}.

Put S = S1 ∪ · · · ∪ S4. Fix a subgroup H ≤ F2 and enumerate

b1 = Ca,H , b2 = Ca−1,H , b3 = Cb,H , b4 = Cb−1,H .

Define a linear function

LH : R4
+ → R+, R = {x ∈ R | x ≥ 0}

LH(a1, . . . , a4) =
∑

i

(d3,H − 2bi)ai.

Put CE = L−1
H (−∞, 0) = {(a1, . . . , a4) | LH(a1, . . . , a4) < 0}. Since

(−∞, 0) is convex and LH is linear then the set CE is convex. Observe that
CE ⊆ S. Indeed, let LH(a1, . . . , a4) < 0. Then

LH(a1, . . . , a4) =
∑

i

(d3,H − 2bi)ai =

=
∑

i

(
∑

i

bi − 2bi)ai =

=
∑

i

(
∑

i

aibi − 2aibi) =

=
∑

i

(
∑

i

ai − 2ai)bi < 0.

Hence ∃ j
∑

i ai − 2aj < 0, i.e., (a1, . . . , a4) ∈ Sj.
Claim. ∃ j CE ⊆ Sj.
Proof. Indeed, suppose there are two vertices u ∈ Si, v ∈ Sj, i 6= j and

u, v ∈ CE. Since CE is convex, for any t ∈ [0, 1]

wt = tu + (t− 1)v ∈ CE,

if t → 1, then wt ∈ Si, if t → 0, then wt ∈ Sj.
Fix u, v as above and put

L(t) = πiwt − πjwt,
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where πm is a projection onto m-th coordinate.
Clearly t → L(wt) is a continuous function from R into R.
Observe that

L(1) = πiw1 − πjw1 = πiu− πju > 0,

(since πiu = ui > 1
2

∑
ui)

L(1) = πiv − πjv < 0.

Hence there is a point t0 ∈ [0, 1] such that L(t0) = 0 then πiwt0 = πjwt0 .
But then wt0 /∈ S - contradiction.

Hence the claim holds.
Now observe that u = (u1, . . . , u4) with ui = 1, uj = 0, j = 0, belongs to

CE: ∑
j

(d3,H − 2bi)aj = d3,H − 2bi < 0.

Hence j = i.

3.6.2 Open problems related to HNC

1) Algorithmic HNC:
Is it true that there is an algorithm that for each positive integers m,n

checks whether HNC holds or not for arbitrary (H, K) with r(H) = m, r(K) =
n ?

2) Fix rank m. How many topologically different foldings one can obtain
by folding m arbitrary elements in F2 ? Is this number finite ? If it is finite,
then 1) holds.

Define by Gm the number of topologically different foldings of m-generated
subgroups of F .

3) Spectrum problem.
Given m,n ∈ N. Which numbers R can be realized as R = r(H ∩K)− 1

with r(H) = m, r(K) = n.
Denote by Spec(n,m) = {e | e = r(H ∩K)− 1, r(H) = m, r(K) = n.
4) (n− 1)(m− 1)− 1 ∈ Spec(n,m) ? i.e., H.Neumann bound minus 1.
5) Are there any gaps in Spec(n,m) ?

3.6.3 Strengthend HNC

Instead of asking about upper bounds of r(H ∩K), one can ask about upper
bounds of the rank of all intersections

x−1Hx ∩ y−1Ky, x, y ∈ F.
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Clearly, any such intersection is conjugate to one of the form

H ∩ z−1Kz, (z = yx−1).

Moreover, if y ∈ KxH, then H ∩ x−1Kx and H ∩ y−1Ky are conju-
gate. Thus one needs only to estimate the ranks of intersections H ∩ Kx.,
wherex runs through a set of representatives for double cosets KxH, x ∈ F .
Furthermore, one needs only to consider such representatives x, for which
H ∩Kx 6= 1. Denote such a set by T .

Strenthend Hanna Neumann Conjecture

∑
x∈T

[r(H ∩Kx)− 1] ≤ (r(H)− 1)(r(K)− 1).

Exercise 1 Show that all the results we discussed about HNC hold in the
strenthend form.

Hint: Observe that all the results we discussed above were about upper
bounds for Euler characteristic of the product graph ΓH × ΓK , i.e., about
estimates for d4(ΓH × ΓK), d3(ΓH × ΓK).

The following theorem gives a base for the exercise above.

Theorem 11 Let H, K f.g. subgroups of F . Then for any x ∈ F the sub-
group H ∩Kx is either trivial or it is conjugate to one of the subgroups from
a finite set S:

S =

{
L |L = L(∆), where ∆ is the core graph of one of the connected
|components of the graph ΓH × ΓK

}

Consider the following construction. Let H, K ≤f.g. F . The graph
ΓH × ΓK is finite, so if has only finitely many connected components, say
∆1, . . . , ∆m. For each ∆i denote by ∆0

i the core graph of ∆i. Fix an arbi-
trary vertex of ∆i. This turns ∆i into a finite deterministic automaton, which
accepts some subgroup, say Li in F . Observe that Li is finitely generated.
It is not hard to see that li is of the form

Li = H ∩Kxi ,

for some xi ∈ F .
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3.7 Malnormal subgroups

Definition 17 Let G be a group. A subgroup H ≤ G is called malnormal in
G is for any x ∈ G−H, Hx ∩H = 1.

Observe, that every malnormal subgroup of G is centralizer-closed, i.e.,
for any 1 6= h ∈ H, CG(h) ⊆ H. In particular, every malnormal subgroup of
G is isolated, i.e., for any g ∈ G if gn ∈ H, then g ∈ H.

Obviously, 1 and G are malnormal subgroups of G. If G is abelian, then
1 and G are the only malnormal subgroups of G.

Since malnormal subgroups are centralizer-closed then every abelian mal-
normal subgroup H of a group G must be maximal abelian, moreover for any
1 6= h ∈ H CG(h) = H. The reverse is also true if all proper centralizers in
G are infinite cyclic.

Proposition 5 [?]. Let G be a group in which every proper centralizer is
infinite cyclic. Then every cantralizer of G is malnormal.

Proof. Let G be a group in which every proper cantralizer is infinite
cyclic. Then (see ????) G is commutative-transitive, i.e., commutation in
G is transitive on the set G − {1}. Now let C be a proper centralizer in G.
Then C =< g > for some g ∈ G. Notice that g is not a proper power in
G. Indeed, if g = gn

0 , then [g gn
0 ] = 1 and [gn

0 g0] = 1, hence [g g0] = 1
(transitivity of commutation). It implies that g0 ∈< g > and n = ±1.

Suppose now that
< g >x ∩ < g >= 1.

Then (gn)x = gm for some non-zero m n ∈ Z. From transitivity of commu-
tation we have [gx g] = 1, therefore gx = gk for some integer k. But then
g = (gk)x−1

= (gx−1
)k and hence n = ±1 ( g is not a proper power in G). If

n = 1, then [g x] = 1 and x ∈< g >. If u = −1, then gx2
= g, so [x2 g] = 1

and consequently [x , g] = 1, which implies x ∈< g >. It follows that < g >
is malnormal in G.

Corollary 19 Every centralizer in a free group is malnormal.

Notice, that this result holds if one replaces ”a free group” in the corollary
above by a torsion-free hyperbolic group. Indeed, according to [?] every
centralizer in a torsion-free hyperbolic group is cyclic.

Free factors provide another type of examples of malnormal subgroups in
a free group F . To see this, let F =< x1 , . . . , xn > and H =< x1 , . . . , xk >,
k < n. Then for any element h ∈ H and any element f ∈ F which contains a
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letter xj(j > k) in its reduced form, this letter xj cannot be cancelled out in
reducing the product f−1hf . Hence for any f ∈ F −H we have Hf ∩H = 1.

Now we are going to generalize the result above to arbitrary retracts of
F . Recall, that a subgroup H is a retract of a group G if there exists a
homomorphism ϕ : G → H s.t. ϕH = idH .

Proposition 6 Every retract of a free group F is malnormal in F .

Proof. Let H be a refract of F and ϕ : F → H a homomorphism for
which ϕH = idH . Our proof rests just on the fact that all proper centralizers
in F are infinite cyclic.

We prove first that every refract H is isolated in F . Indeed, if gn =
h ∈ H, then (gϕ)n = hϕ = h, hence (gϕ)n = gn in F . From transitivity of
commutation in F we have [gϕ , g] = 1 (unless g = h = 1), hence gϕ = g
(extraction of roots is unique in an infinite cyclic group).

It follows, that g ∈ H. Now suppose, Hx ∩H 6= 1, i.e., suppose hx = h1

for some x ∈ F and 1 6= h ∈ H. Then, applying ϕ, we have hϕ(x) = h1,
therefore hϕ(x) = hx and [h , xϕ(x)−1] = 1. since the centralizer CF (h) is
cyclic and H is isolated in F , we have xϕ(x)−1 ∈ H and consequently x ∈ H.
It shows that H is malnormal in F .

The argument above shows that the following result is also true.

Corollary 20 Let G be a torsion-free hyperbolic group. Then every retract
of G is malnormal.

The following theorem shows that there exists a fast algorithm for de-
tecting malnormality of finitely generated subgroups of a free group. To
formulate the result we need the following definition.

Definition 18 Let H be a subgroup of a group G. We call an element f ∈
G−H a potential normalizer (pn) of H if Hf ∩H 6= 1.

Denote by pn(H) the set of all pn-elements of H. Clearly, H is malnormal
in G iff pn(H) = ∅.

Observe, that of f ∈ pn(H), then HfH ⊂ pn(H).
Indeed, if hf ∈ H, h ∈ H and f ‘ = h1fh2, (h1 , h2 ∈ H), then

(h1hh−1
1 )f ‘ ∈ H.

Theorem 12 [?] Let F be a free group and H be a finitely generated sub-
group of F with a Nielsen basis Y = {u1 , . . . , um}. Then H is not mal-
normal in F if there exists a pn-element f ∈ pn(H) which is a product of
two pieces of elements from Y ∪ Y −1 and each such piece has length at most
1
2
max{|u1| , . . . , |um|}.
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Proof. Let f ∈ pn(H). We call f minimal if f has the minimal length in
its double coset HfH. Notice, that if f is minimal, then for any h ∈ H not
more than half of h cancels out in fh and hf . Suppose H is not malnormal.
Denote by f a minimal element in pn(H). Then there are elements 1 6=
h , h1 ∈ H s.t. f−1hf = h1 or, equivalently, hfh′ = f (h′ = h−1

1 ). The
following cancellation scheme shows that f has to cancel out completely in
the product hfh′.

fh

c

a h'
b

df

Indeed, since f is minimal we have

|a| ≤ |c|, |b| ≤ |d|.

From |f | = |hfh′| we deduce that |a| = |c|, |b| = |d|, which implies
a = c , b = d. But then h = aa−1 = 1 - contradiction.

It follows that the cancellation scheme for hfh′f−1 = 1 is of the type:

f

h

ca

h'
b

d
f

e

(it includes cases when one or more of the segements a , b , c , d , e are
of zero length).

To deal with this diagram consider first what kind of cancellation may
occur in the product of the type

fy1 · · · yk , yi ∈ Y ∪ Y −1.

Denote by Ai the midpoint of yi (if yi is of odd length, then Ai is in the
middle of the segment presenting the middle letter in yi). Since f is minimal,
we may have only two possible types of cancellation:
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a)
f

A1 y
1

b)
f

Ai

y
1

f

A1

y
1 y

2
y

k

In the first case the cancellation scheme for fy1 · · · yk looks like
So here the part of f that cancels out completely is an initial piece of y1

of length ≤ 1
2
|y1|.

In the second case exactly half of y1 cancels out in fy1. Then |f | = |fy1|
and the element f1 = fy1 is also minimal in pn(H). Notice that

fy1 · · · yk = f1y2 · · · yk

By induction on k we can assume that either the cancellation in f1y2 is
of the type a) above, and in this case the part of f1 that cancels out is an
initial piece of y2 of length ≤ 1

2
|y2|; or the cancellation is of the type b). In

this case, by induction, there exists an index i, 2 ≤ i ≤ k, such that the
cancellation in f1y2 · · · yk, and hence fy1 · · · yk, goes along the following
scheme

b c

Ai+1

Ai

Bi

f

yi

A3 A2 A1 A

y3

B3

B2

y2

B1

y1

(it includes cases where b or c (or both) are of zero length). Moreover, in
this event we have

|A1B1| = |A1A| , |A2B2| = |A2A| , . . . , |AiBi| = |AiA|.
Now if we put fi = fy1 · · · yi, then fi is a minimal element in pn(H).

Notice that the part of fi that cancels out in fiyi+1 · · · yk is an initial piece
of yi+1 of length ≤ 1

2
|yi+1|.
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Consider now cancellation in the product hfh′, (h , h′ ∈ H).
We have h = z1 · · · zm, h′ = y1 · · · yk for some yi , zj ∈ Y ∪ Y −1. Then

we can rewrite the product

z1 · · · zmfy1 · · · yk

in the form

z1 · · · zm(fy1 · · · yi)yi+1 · · · yk = z1 · · · zmfiyi+1 · · · yk.

Cancellation in z1 · · · zmfi is similar to the cancellation in fy1 · · · yk. So
from the argument above we can rewrite the product

z1 · · · zmfiyi+1 · · · yk = z1 · · · zj(zj+1 · · · zmfi)yi+1 · · · yk

such that h = zj+1 · · · zmfy1 · · · yi is minimal in pn(H) and h = a ◦ b,
where a cancels out in zjh, and b cancels out in hyi+1.

It follows, that a a is a piece of zj, of length ≤ 1
2
|zj| and b is a piece of

yi+1 of length ≤ 1
2
|yi+1|.

Geometrically h can be seen in the following picture:

y2
y1

f

h

zm

zm-1

zi+1

zi

B C

E

D

h'

Corollary 21 Let F be a free group. There exists an algorithm which de-
termines whether a finitely generated subgroup H ≤ F (given by a finite set
of generators) is malnormal or not.

B. Let H = 〈h1 , . . . , hn〉 ≤ F .
Denote M = max{|h1| , . . . , |hn|}. In Section ???? we proved that one

can effectively find a Nielsen basis Y = {u1 , . . . , um} for H in O(nM)2

steps. Notice, that
max{|u1| , . . . , |um|} ≤ M.
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Now, according to the theorem above, the subgroup H is malnormal if and
only if there are no pn-elements among all products ab, where a and b are
pieces of elements from Y ∪ Y −1 of length ≤ 1

2
M . It takes O(nM) steps to

enumerate all pieces a1 , . . . , ak of elements from Y ∪Y −1 and O(n2M2) steps
to enumerate all products of the type aiaj, 1 ≤ i , j ≤ k. Now, for each such
product a1aj we can check effectively whether H ∩Haiaj = 1 or not. For this
we need to construct automata Γ(H) × Γ(Haiaj) and to check whether the
connected component of this automata, containing the vertex (1, 1), is a tree
or not. As we mentioned in Section ???? it takes O(|h1|+ · · · + |hn|)2 steps
to construct the automaton Γ(H). Similarly, to construct Γ(Haiaj) we need
O(|haiaj

1 | + · · · + |haiaj
n |)2 = O(nM2)2 steps. Thus to construct Γ(H) and

Γ(Haiaj) we need O(nM2)2 steps. To construct the product of two automata
Γ and ∆ we need O(|E(Γ) × E(∆)|) steps, the same amount of steps one
needs to construct a maximal subtree of Γ × ∆ (?). In our case it comes
down to O(nM ·nM) = O(n2M2) steps. Thus for each pair i, j, 1 ≤ i, j ≤ k
we need O(n2M4) · O(n2M2) = O(n4M6) steps to check whether aiaj is a
pn-element or not. As we noticed above k ≤ n2M2, hence altogether it takes

O(n4M6) · n2M2 = O(n6M8)

steps to check whether H is malnormal or not.

Exercise 2 Check whether the argument above is correct.

Now we will give a description of finitely generated malnormal subgroups
of a free group F = F (X) in terms of graphs. This description is based on
the following observation which is due to J. Stallings (or Imrich ?). Let H
and K be free group subgroups of F , and f be an element of F . Denote

∆ = Γ(H)× Γ(K),

Σ = Γ(H)× Γ(Kf ).

If u ∈ H and v ∈ K (v ∈ Kf ) then by ∆u,v(Σu,v) we denote the connected
component of ∆(Σ) containing (u, v). We say that a word W ∈ F is readable
in ∆u,v(Σu, v) if there exists a path in ∆u,v(Σu, v) which starts at (u, v) and
has the label w. Now observe the automaton Γ(Kf ) can be obtained from
the graph

by elementary transformations, so Γ(Kf ) is one of the following two types:
this corresponds to the case when f−1 is readable in Γ(K);
in this case f = f1f2 , (f1 6= 1) and f2 is the longest terminal subword of

f such that f−1
2 is readable in Γ(K).

Then the following holds:
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A

Γ(K)

1

f

A

Γ(K)1
f -1

a)

A

Γ(K)

1

b)

f2

f1
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1) suppose Γ(Kf ) is of the type a). Then

Σ1,1 = ∆1,v,

where v is the end-point of the unique path in Γ(K) starting at 1 and with
the label f−1.

2) suppose Γ(Kf ) is of the type b). There are two subcases here. If f1 is
not readable in Γ(H), then

Σ1,1 =
the arc which corresponds to the longest initial segment
of f1 that is readable in Γ(H)

If f1 is readable in Γ(H) and u is the end-point of the path in Γ(H) with
the label f1 starting at 1, then

Σ1,1 = ∆u,v ∪
{

an arc from a new vertex to the
vertex (u, v) with the label f1

}

here v is the end-point of the path in Γ(K) starting at 1 and with the
label f−1

2 .

1

f1

∆u,v

(u,v)

Σ1,1 =

It follows immediately from the observation above that the subgroup ac-
cepted by the automaton Σ1,1 is conjugate to the subgroup accepted by the
automaton ∆u,v.

Summarizing the discussion above we have the following theorem:

Theorem 13 Let H and K be finitely generated subgroups of F . Then for
any f ∈ F the subgroup H ∩ Kf is conjugate to one of the finitely many
subgroups of F , which correspond to the connected components of the graph
Γ(H)× Γ(K).



Combinatorics over free groups 77

Corollary 22 (Imrich). Let H and K be finitely generated subgroups of F .
Then one can effectively find a finite set of elements f1 , . . . , fk such that
for any f ∈ F the subgroup H ∩ Kf is conjugate to one of the subgroups
H ∩Kfi , i = 1 , . . . , k.

Proof. In the view of the theorem above it suffices to notice that the
component ∆u,v of the graph Γ(H) × Γ(K) accepts exactly the subgroup
H ∩Kf , where f is as above.

Our next goal is to clarify the structure of the fundamental groups of
connected components of the graph Γ(H) × Γ(K) = ∆. As before, by ∆u,v

we denote the connected component of ∆ containing (u, v). The graph ∆u,v

satisfies the one-way reading property, so if we chose the point (u, v) as the
starting point in ∆u,v, then the graph ∆u,v gives rise to a finite automaton.
This automaton (we denote it by ∆u,v) accepts a subgroup of F , which is
called the fundamental group of graph ∆u,v (with the distinguished point
(u, v)). We denote this subgroup by π(∆u,v).

Lemma 14 Let H,K be finitely generated subgroups of F , ∆ = Γ(H) ×
Γ(K), and ∆u,v a connected component of ∆, containing a vertex (u, v).
Then

π(∆u,v) = Hf ∩Kg,

where f is the label of some path in Γ(H) from 1 to u, and g is the label of
some path in Γ(K) from 1 to v.

Proof. Suppose a word w is accepted by ∆u,v:

1

f

Γ(H)
w

u

1

Γ(K)
w

vg

it translates into Γ(H) and Γ(K) as in the picture above. But then

fwf−1 ∈ H, gwg−1 ∈ K.

Hence w ∈ Hf ∩ Kg, and it shows that π(∆u,v ⊆ Hf ∩ Kg. The reverse is
also true. Indeed, let w ∈ Hf ∩Kg. Then wf−1 ∈ H and wg−1 ∈ K. Notice,
that wf−1

means that we have the following picture:
Maybe the easiest way to see this, is to notice that since f is readable

in H then if H accepts the reduced word wf−1
, then H accepts the word

fwf−1, which means Γ(H)u accepts w.
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1

f

u

Theorem 14 Let H be a finitely generated subgroup of F . Then H is mal-
normal in F if and only if all the connected components of ∆ = Γ(H)×Γ(H),
other than ∆1,1, are trees.

Proof. Suppose the component ∆(u, v) for some (u, v) is not a tree, and
suppose ∆u,v 6= ∆1,1, i.e., u 6= v. Then there exists a circuit, say p, in Γ(H)
starting at u with some label w, and also there exists another circuit in Γ(H)
at v with the same label w. Let f be the label of some path from 1 to u and
g be the label of some path from 1 to v in Γ(H). Then we have the following
picture:

1

f

g

u

v

w

w

Then we have seen already

w ∈ Hf ∩Hg ⇔ w ∈ H ∩Hgf−1

.

We claim that gf−1 /∈ H.
Suppose gf−1 ∈ H then gf−1 is accepted by γ(H), hence there is a path

q from v to 1 with label f−1.
But then q−1 has to coincide with the path p (they have the same label

f). It would imply u = v - contradiction. Hence H is not malnormal in F .
Suppose now, that H ∩Hf 6= 1 for some f ∈ F . Then H ∩Hf is isomorphic
to the fundamental group of some connected component of Γ(H) × Γ(H),
hence this connected component is not a tree.

Remark 2 Notice that the argument in this first part of the proof above al-
lows one to find a pn-element for H provided H is not malnormal. Moreover,
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1

f

g

u

v

f-1

it gives the same description of minimal pn-elements as products ab where a
and b are pieces of some elements from Y ±1, where Y is an arbitrary Nielsen
basis for H.

Let H be a subgroup of a group G. Denote by mal(H) the intersection
of all malnormal subgroups of G containing H:

mal(H) = ∩{K|H ≤ K ≤ G ,K ≤mal G}.

It is easy to see that mal(H) is malnormal in G, hence mal(H) is the smallest
malnormal subgroup of G containing H. We call mal(H) the malnormal
closure of H in G.

Theorem 15 Let H be a finitely generated subgroup of a free group F . Then

rank(mal(H)) ≤ rank(H).

Moreover, there exists an algorithm to find a finite generating set for mal(H).

Proof. The proof is based on the existence of the algorithm which deter-
mines whether a free group subgroup of F is malnormal or not, and if not it
finds a pn-element for the subgroup.

Now, let H be a f.g. group subgroup of F . If H is malnormal, then
mal(H) = H and there is nothing to prove. Otherwise, we can effectively
find a pn-element, say x1, for H, i.e., Hx1 ∩ H 6= 1. Put H1 = 〈H , x1〉.
Notice that x1 ∈ mal(H). Indeed, mal(H)x1∩mal(H) ≥ Hx1∩H 6= 1, hence
x1 ∈ mal(H). By induction, we either construct a strictly increasing chain
of subgroups Hi , H0 = H, and elements xi ∈ F s.t. Hi+1 = 〈Hi , xi+1〉

H = H0 < H1 < H2 < · · · ,
where for each i, xi ∈ mal(H), i.e., Hi ≤ mal(H). Notice that for each i

rank(Hi+1) ≤ rank(Hi).
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Indeed, suppose Hi has a free basis y1 , . . . , yn. Then Hi+1 is generated
by y1 , . . . , yn , xi+1, hence it has rank at most n + 1.

If Hi+1 has rank n+1, then y1 , . . . , yn , xi+1 is a free basis for Hi+1 hence
Hi is a free factor in Hi+1, therefore Hi is malnormal in Hi+1 - contradiction
with the choice of xi+1. It follows that

rank(Hi+1) ≤ rank(Hi) ≤ · · · rank(H0).

Since every ascending chain of subgroups of a free group of uniformly bamded
rank stabilizes, then for some i, Hi is malnormal in F , hence Hi = mal(H).
In particular, mal(H) = 〈H , x1 , . . . , xi〉.

3.8 Marshall Hall’s Theorem

Theorem 16 (Marshall Hall) Let H be a f.g. subgroup of F (X) = F (x1 , . . . , xn)
then there exists a subgroup L of finite index in F (X), such that H is free
factor of L, L = H ∗K.

Lemma 15 (Back-step lemma). Suppose Γ is a folded finite graph , where
edges are labeled by X. Let x ∈ X ∪X−1 and v ∈ V Γ be such that

1) there exists an edge labeled x with end-point v;
2) there exists no edge labeled x with origin v.

x

v

Then there exists another vertex u 6= v of Γ such that there is no edge
labeled x with end-point u in Γ.

Proof. Suppose no such u exists, that is every vertex of Γ is an end-point
of an edge labeled x.

Put v0 = v, put v1 to be the original of an x-labeled edge terminating at
v, put v2 to be the original of an x-labeled edge terminating at v1, etc.

x
iv

v=v0

x

v1

x

v2

x

v3

x

v4

vi+1

A
i
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vn+1=vi

x x

x

x

v0
vi-1

vn

vi+1

vn+1=vi

x

x

vi-1

vn

Put n to be the maximum number such that all vertices v0, v1, . . . , vn are
distinct (it exists since Γ(H) is finite). Then vn+1 = vi for some 0 ≤ i ≤ n.
i 6= 0 since by assumption v0 has no originating edges labeled x:

Then vi has two edges labeled x with origin vi:
vi−1 6= vn by the choice of n ⇒ Γ(H) is not folded-contradiction.
Proof of M.Hall’s Theorem. By Corollary ?? and Theorem ?? it is enough

to show that Γ(H) can be extended to an X-complete connected folded graph
(which will be Γ(L)). For each v ∈ V Γ(H) define

def v =

{
the number of x ∈ X ∪X−1 such that there’s no edge
in Γ(H) labeled x with origin v

}

def V Γ(H) = Σv∈V Γ(H) def v − deficit of Γ(H)

Γ(H) is X-complete if def Γ(H) = 0. If def Γ(H) = 0, then |F (X) :
H| < ∞, H = L and there’s nothing to prove.

Suppose def Γ(H) = d > 0. We will prove the theorem by induction on
def Γ(H). If def Γ(H) = d > 0 and the theorem holds for all subgroups,
whose graph has smaller deficit, we chose v ∈ V Γ(H) such that def v > 0.
Then ∃x ∈ X ∪X−1 s.t. no x-labeled edge originates at v.

Case 1. Suppose that there’s no x-labeled edge ending at v in Γ(H).
Then add a loop to Γ(H) to get Γ(H1).

Clearly the new graph is folded and def Γ(H1) < def Γ(H) ⇒ by in-
duction Γ(H1) can be extended to an X-complete connected folded graph
Γ(L) ⇒ theorem follows.
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x
1 1

v v

Γ(Η) Γ(Η1)

Case 2. Suppose there’s an edge with endpoint v and label x in Γ(H)
(but no edge with origin v and label x). Then by Back-step Lemma there’s
a vertex u ∈ V Γ(H) s.t there’s no x-labeled edge in Γ(H) which ends at u ⇓
add such an edge to get Γ(H1).

1
v

Γ(Η) Γ(Η1)

u

1
v

u
x

x

Then new graph Γ(H1) is connected, folded, contains Γ(H) and has
smaller deficit

def Γ(H1) < def Γ(H)

⇒. Induction applies to Γ(H1) and Theorem follows.

Example 9 H = 〈a2〉 ≤ F (a , b),

1

Γ(Η) Γ(L)

a

a

1

a

a

b

b

L = 〈b , aba−1 , a2〉 has index 3 in F (a , b).

Example 10 H = 〈a2b−1 , aba−1〉
L = 〈a2b−1 , aba3 , a2b , ab2a−1 , aba〉 has index 4 in F (a , b). L =

H ∗K , K = 〈a2b , ab2a−1 , aba〉.
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1

Γ(Η)
Γ(L)

a

a

b

a

b

1

a

a

b

a

b

b

b

a

Remark 3 Note that index of L equals the number of vertices of Γ(H) since
Γ(L) has the same set of vertices as Γ(H), only edges are added to get Γ(L)
from Γ(H). Also Γ(L) has the same maximal tree as Γ(H) does.

3.9 Principal quotients and subgroups

In this section we want to investigate more carefully the relationship between
Γ(H) and Γ(K) if K ≤ H. To simplify the matters we will assume that both
H and K are finitely generated, although it will be clear that one can consider
a more general situation.

Definition 19 Let K ≤ H ≤ F (X) be two finitely generated subgroups of
F (X). Since K = L(Γ(K), 1K) ⊆ L(Γ(H), 1H) = H, for any path p in Γ(K)
from 1K to 1K there is a unique path α[p] in Γ(H) from 1H to 1H such that
the label of α[p] is the same as that of p.

Define a subgraph ΓH(K) of Γ(H) as

ΓH(K) = ∪{α[p] , | , pis a path in Γ(K) from 1K to 1K}.

In fact, constructing ΓH(K) can be considerably simplified, as the following
lemma shows.

Lemma 16 Let K ≤ H ≤ F (X) be finitely generated subgroups of F (X).
Let K = 〈k1, . . . , km〉 where ki are freely reduced words in F (X). For each
i = 1, . . . , m let pi be the loop at 1K in Γ(K) with label ki. Then

ΓH(K) = ∪n
i=1α[pi]

The above lemma shows that in practical terms it is very easy to con-
struct ΓH(K), given Γ(K) and Γ(H). For example, we can choose as a finite
generating set for K the set TK corresponding to some spanning tree in Γ(K).
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a

b

a

b

aa

b
1K

b

a a

b

a

b
a

a

b

b

1H

Figure 1: An example of ΓH(K). Here K ≤ H ≤ F (a, b) and the graph
ΓH(K) is highlighted. We suggest that the reader uses Lemma 16 to verify
the validity of this picture

Lemma 17 Let K ≤ H ≤ F (X). Then there is a unique morphism of
based X-digraphs α : (Γ(K), 1K) −→ (Γ(H), 1H); for this morphism we have
α(Γ(K)) = ΓH(K).

Proof.
The existence and uniqueness of α follow from Proposition ??.
It is obvious from the definition of ΓH(K) and the fact that any edge in

Γ(K) lies on a reduced path from 1K to 1K that α(Γ(K)) = ΓH(K). B

Lemma 18 Let K ≤ H ≤ F (X). Then the graph ΓH(K) is a connected
folded graph which is a core graph with respect to 1H .

Proof. It is obvious that ΓH(K) is folded, connected and that it contains
1H . Let α : Γ(K) −→ Γ(H) be the unique morphism such that α(1K) = 1H ,
so that α(Γ(K)) = ΓH(K) (the existence of α follows from Lemma 17.

Assume that ΓH(K) is not a core-graph with respect to 1H and that there
is a vertex u 6= 1H of degree one on ΓH(K). Let e′ be the unique edge of
ΓH(K) with terminus u. Let e be an edge of Γ(K) such that α(e) = e′. Since
Γ(K) is a core graph with respect to 1K , there exists a reduced loop p at 1K

passing through p. Denote the label of p by w. Since p is reduced and Γ(K)
is folded, w is freely reduced. The path α(p) is a loop at 1H in ΓH(K) with
label w and α(p) passes through e′. Since w is freely reduced and ΓH(K) is
folded, the path α(p) is reduced. However, this contradicts our assumption
that u has degree one in ΓH(K). B

Recall that by Lemma ?? (morphism factorization) an epimorphic image
of an X digraph Γ can be obtained by first identifying some vertex subsets
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of Γ into single vertices and then folding some edges with the same initial
vertices and the same terminal vertices (so that the vertex set of the graph
does not change at this step).

Definition 20 (Principal quotients) Let K be a finitely generated sub-
group of F (X). Since Γ(K) is finite, there exist only finitely many based
X-digraphs (Γ1, v1), . . . (Γs, vs) such that:
(a) each Γi is a finite connected folded X-digraph which is a core-graph with
respect to vi;
(b) for each i = 1, . . . , s there is an epimorphism f : Γ(K) −→ Γi with
f(1K) = vi.

These graphs (Γ1, v1), . . . (Γs, vs) are called principal quotients of Γ(K).

Remark 4 Note that if (Γ, v) is a principal quotient of Γ(K) then (Γ, v) =
(Γ(H), 1H) for some finitely generated subgroup H of F (X) with K ≤ H.
Moreover, in this case ΓH(K) = Γ.

Lemma 19 Let F be a free group (of possibly infinite rank) and let K be a
finitely generated free factor of F . Let H ≤ F be a finitely generated subgroup
such that K ≤ H. Then K is a free factor of H.

Proof. Let Y = Y1 t Y2 be a free basis of F such that Y1 is a finite free
basis of K. Since H is finitely generated and involves only finitely many
letters from Y2, we may assume that Y2 is also finite. It is clear that in this
case the graph ΓY (K) is just a wedge of circles, labeled by elements of Y1,
wedged at a vertex 1K . This graph clearly has no epimorphic images other
than itself, so ΓY (K) = ΓY

H(K) ⊆ ΓY (H). Since (ΓY (K), 1K) is a subgraph
of (ΓY (H), 1H), this implies that K is a free factor of H, as required. B

3.10 Algebraic extensions

Let F be a fixed free group with basis X. Let H,K be finitely generated
(f.g.) subgroups of F . We say that K is an extension of H if H ≤ K.

In this section we develop a theory of algebraic extensions of finitely gen-
erated subgroups of F which is analogues to the theory of algebraic extensions
of fields.

Definition 21 1) An extension H ≤ K is called free (or purely transcen-
dental) if H is a free factor of K;

2) An extension H ≤ K is called algebraic if H is not a subgroup of a
proper free factor of K;

3) If H ≤ K is not algebraic then it is called transcendental, in this case
K = K ′ ∗ C for some K ′ ≥ H and C 6= 1.
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The following result gives a characterization of algebraic extensions in
terms of graphs.

Let H ≤ K. Recall ( Section ??? ) that there exists a unique homomor-
phism of graphs

αH,K : ΓH → ΓK .

The image αH,K(ΓH) is called the principal quotient of H inside ΓK . The
subgroup

LH,K = L(αH,K(ΓH))

is called the principal extension of H in K.

Lemma 20 If H ≤ K is algebraic then

αH,K(ΓH) = ΓK .

Proof. If αH,K(ΓH) 6= ΓK then LH,K is a proper free factor of K and
H ≤ LH,K is trabscendental. This contradiction shows that αH,K(ΓH) = ΓK

as required.

Remark 5 Observe that not every principal extension of H is algebraic.

Lemma 21 Let H ≤ K be f.g. subgroups of F . Then there exists an alge-
braic extension H ≤ L such that L is a free factor of K.

Proof. Let L be a free factor of K of minimal possible rank containing
H. Since H is f.g. such L exists. Thus

K = L ∗ C.

If H ≤ L is transcendental then

L = L′ ∗ C ′

for some L′ ≥ H and C ′ 6= 1. Hence rank(L′) < rank(L) - contradiction.

Theorem 17 Let H ≤f.g. K. Then:
1) there are only finitely many algebraic extensions of H;
2) one can find all algebraic extensions of H algorithmically;
3) one can check algorithmically whether a given extension H ≤ K is

algebraic or not;
4) one can check algorithmically whether or not a given extension H ≤ K

is free or not.
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Proof. 1) By Lemma 20 every algebraic extension is a principal exten-
sion. We prove in Section ??? that there are only finitely many principal
extensions. This proves 1).

2) In view of 1) one has to check which principal extensions are algebraic.
Since one can find all principal extensions of H algorithmically then 2) follows
from 3).

3) Let H ≤ K. List all principal extensions L1, . . . , Lk algorithmically
and check which of them are subgroups of K. For the latter check whether
there exists a principal extension of H which is a free factor of K. If there
exists such then H ≤ K is obviously transcendental, if not then by Lemma
21 H ≤ K is algebraic. Now 3) follows from 4).

And 4) follows from Whitehead algorithm.

Lemma 22 Let H ≤ K, F = K ∗ C. Then if H ≤ L is algebraic then
L ≤ K.

Proof. Suppose L � K. Since F = K ∗ C then there exists a basis X of
F such that X = XK ∪XC where XK .XC are bases in K, C correspondingly.
Since L � K then ΓL contains an edge with some label from XC . Similarly,
ΓH contains only edges with labels from XK , as well as each principal quotient
of ΓH . This implies that

αH,L(ΓH) 6= ΓL.

Hence by Lemma 20 H ≤ L is not algebraic - contradiction, which proves
the lemma.

Theorem 18 Let H ≤f.g. F . Then:
1) there exists a unique maximal algebraic extension of H in F (we denote

it by acl(H));
2) acl(H) is a free factor of F ;
3) acl(H) is the unique free factor of F of minimal rank containing H.

Proof. By Lemma 21 there exists an algebraic extension of H which is
a free factor of F . By Lemma 21 this algebraic extension contains all other
algebraic extensions of H, hence it is unique and maximal.

To prove 3) let H ≤ L and L be a free factor of F . Then by Lrmma 22
alc(H) ≤ L. Now it is not hard to see that alc(H) is a free factor of L. Hence
rank(alc(H)) ≤ rank(L). And if rank(alc(H)) = rank(L) then alc(H) = L.

Now we prove two results which are precise analogs of corresponding
results from field theory.
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Theorem 19 Let H ≤f.g. F . Then:
1) If H ≤ K and [K : H] < ∞ then H ≤ K is algebraic.
2) If H ≤ K and K ≤ L are algebraic then H ≤ L is algebraic.
3) If H ≤ K1, H ≤ K2 are algebraic then H ≤ 〈K1, K2〉 is algebraic.

Proof. 1) is obvious.
2) Suppose H ≤ L is not algebraic. Then

L = L′ ∗ C, H ≤ L′, C 6= 1.

Since H ≤ K is algebraic then by Lemma 22 K ≤ L′. Since K ≤ L is
algebraic then again by Lemma 22 L ≤ L′ - contradiction.

3) Let K = 〈K1, K2〉. If H ≤ K is not algebraic then

K = K ′ ∗ C, H ≤ K ′, C 6= 1.

By Lemma 22 K1, K2 ≤ K ′, i.e., K ≤ K ′ - contradiction.

3.11 Closures of subgroups

In this section we study various closures of f.g. subgroups of F .
Let P be an abstract property of subgroups. Denote by SP all subgroups

of F which satisfy P .
We say that P is intersection-closed if SP is closed under arbitrary (infi-

nite) intersections. So P is IC if Hi ∈ P, i ∈ I, then

∩i∈IHi ∈ SP .

Proposition 7 The following properties are IC:
1) normal subgroup;
2) malnormal subgroup;
3) isolated subgroup.

Racall, that H ≤ G is called malnormal if

Hg ∩H = 1 ⇒ g ∈ H

for any g ∈ G.
A subgroup H ≤ G is called isolated if

gn ∈ H ⇒ g ∈ H

for any g ∈ G,n 6= 0.
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Lemma 23 Let P be IC and G satisfy P . Then for every subgroup H ≤ G
there exists a unique minimal subgroup of G satisfying P and containing H.

Proof. Let SP,H = {K | H ≤ K, K ∈ SP}. Since G ∈ SP then G ∈ SP,H ,
so SP,H 6= ∅. Put clP (H) = ∩SP,H . Then clP (H) - minimal in SP,H .

We say that P is free-factor closed if SP contains all free factors of F .

Proposition 8 The following properties are intersection closed and free-
factor closed:

1) normal;
2) malnormal;
3) isolated.

We say that P is well-ordered if for any subgroup H ≤ F there exists a
unique minimal subgroup K from SP containing H, i.e., SP,H has a unique
minimal element.

Observe that int.-closed P is well-ordered.

Example 11 Property ”being a free factor” is well-ordered.

Theorem 20 Let P be a property of subgroups such that
a) every subgroup H of F has a unique minimal P -closure;
b) every free factor of F satisfies P .
Then for every subgroup H ≤ F its P -closure clP (H) is an algebraic

extension of H.

Proof. Suppose H ≤ clP (H) is not algebraic then clP (H) = K ′ ∗ C and
H ≤ K ′, C 6= 1. But then K ′ ∈ SP,H hence clP (H) ≤ K ′ - contradiction.

Now we describe a method to construct P -closures of H which are related
to equations iver H.

Definition 22 Let H ≤ F and g ∈ F . Then:
1) g is equationally algebraic over H is g is solution of some non-trivial

equation e(x, h1, . . . , hn) = 1 in one variable x and constants h1, . . . , hn.
2) g is equationally transcendental if it does not satisfy any non-trivial

equation e(x,H) = 1.

Lemma 24 Let F = H∗C. Then every element g ∈ F−H is transcendental
over H.
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Proof. Let e(x,H) = h1x
ε1h2x

ε2 · · ·xεnhn+1, where εi 6= 0, h2, . . . , hn 6= 1.
Let g ∈ F −H then g = u−1 ◦ ḡ ◦ u, where ḡ is cyclically reduced.
Then e(g,H) = h1u

−1ḡε1uh2u
−1ḡε2u · · ·hn+1 = ε. Since g /∈ H then there

exists a letter y from the basis X whcich is not in H.
????????
Let E(x,H) = {ei(x,H)|i ∈ I} be a set of non-trivial equations with one

variable x and constants from H.

Definition 23 A subset M ⊂ F is E(x,H)-closed if for any equation e(X, M) ∈
E its every solution in F belongs to M .

Lemma 25 For every set E any free factor of F is E-closed.

Proof. Follows from the lemma above.
Let H ≤ F .

Exercise 3 Emal,H = {x−1h1x = h2 | h1, h2 ∈ H}
Then H - malnormal ⇔ H is Emal,H-closed.

Exercise 4 Eiso,H = {xn = h | n 6= 0, h ∈ H}
Then H - isolated ⇔ H is Eiso,H-closed.

Let PE be the property ”being E-closed”.

Lemma 26 PE is intersection-closed.

Proof. Obvious.

Theorem 21 Let E(x, ȳ) be any set of one variable equations with param-
eters y1, . . . , yn. Then for every subgroup H ≤f.g. F there exists E-closure
clE(H) of H which is an algebraic extension of H and rank(H) ≥ rank(clE(H)).

Proof. Let H0 = H. If H0 is E-closed we are done. If not then there exists
an equation e(x, h) ∈ E and a solution g of e(x, h) = 1 such that g /∈ H0.
Put H1 = 〈H0, g〉.

By induction we construct

H0 < H1 < H2 < · · ·

Observe that:
1) rank(Hi+1) ≤ rank(Hi).
Indeed, obviously rank(Hi+1) ≤ rank(Hi)+1. If rank(Hi+1) = rank(Hi)+

1 = m then every m-generating set of Hi+1 is a basis. In particular, if Y is
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a basis for Hi then Y ∪ {gi} is a basis for Hi+1. But then gi is equationally
transcendental over Hi - contradiction. Hence the inequality.

2) Hi ≤ Hi+1 is algebraic.
Indeed, if not, then

Hi+1 = H ′
i+1 ∗ C, C 6= 1, H ′

i+1 > Hi.

But gi+1 is equationally algebraic over Hi, hence over H ′
i+1. It follows

then gi+1 ∈ H ′
i+1 and 〈H1, gi+1〉 ≤ H ′

i+1 - contradiction.
Now H0 < H1 < H2 · · · all algebraic over H0 - hence the chain is finite.
Observe, that Hi ≤ clE(H). Hence the last in the chain is clE(H).
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IV. Nielsen’s Method.
1. N-reduced sets
1.1. Reduced sets and bases of free.
1.2. Finite automaton and N-reduced sets.
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IV. Nielsen’s Method
1. Reduced sets.
1.1. Reduced sets and bases.
Let F = F (A) be a free group on A = {a1, ..., au}.
Definition. A set S ⊆ F is called Nielsen-reduced or N-reduced if the

following conditions hold:
N1) 1 6∈ S;
N2) |uv| ≥ |u| for all u, v ∈ S±1 with uv 6= 1;
N3) |uvw| > |u|+ |w| − |v| for all u, v, w ∈ S±1 with uv 6= 1 and vw 6= 1.
Notice that N2) implies also |uv| ≥ |v|, since |uv| = |v−1u−1| ≥ |v−1| =

|v|. Therefore N2) is equivalent to
N21) |uv| >= max{|u|, |v|}, for all u, v ∈ S±1 with uv 6= 1.
Geometrically, the conditions N2) and N3) amount to some restrictions

on cancellation allowed among elements from S±1. Indeed we claim that:
1) a subset S ⊆ F satisfies N2) if for any u, v ∈ S±1, uv 6= 1,not more

then half of u (and v) cancels out in reducing uv;
2) a subset S ⊆ F satisfies N3) is v does not cancel completely in every

product uvw such that u1v1w ∈ S±1, uv 6= 1, vw 6= 1. these can be seen from
the following pictures:

p1) |uv| ≥ |u| ⇔ |p| ≤ |q|
p2) |uvw| > |u| − |v|+ |w| ⇔ |v| > |p|+ |q|
The geometric characterization of N3) leads to the following definition.

But before the definition we introduce a few notations.
Let S be a subset of F . For an element v ∈ S±1 denote:
λ(v) = the longest initial segment of v which cancels out in some non-

trivial product uv, u ∈ S±1;
ρ(v) = the longest terminal segment of v which cancels out in some non-

trivial product vw,w ∈ S±1.
Definition. We say that S ⊆ F is N3)-reduced if for any v ∈ S±1 there

exists a non-trivial word µ(v) ∈ F such that

v = λ(v) ◦ µ(v) ◦ ρ(v)

Lemma 1. Let S ⊆ F and S 6= {1}. Then S satisfies N3) if and only if S
is N3)-reduced.

Proof follows from the geometric characterization of the condition N3).
Proposition 1. Let S be an N3)-reduced subset of F . Then S is a free

basis of the subgroup H =< S > generated by S.
Proof. By the definition of a free group from section 1.1 S is a basis of H

if and only if S generates H (which is already given by the conditions of the
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proposition) and every non-trivial reduced word in S±1 defines a non-trivial
element in H. now if

w = u1...un, ui ∈ S±1

is a non-trivial reduced word in S±1, then

|w| ≥ |µ(u1)|+ . + |µ(un)| > 0

(here — — is the length on F with respect to the initial set of generators of
F ), hence w 6= 1.

Theorem 1. Let H =< h1, ., hn > be finitely generated subgroup of F .
Then there exists an N3)-reduced set S of generators of H and a such set S
can be found effectively.

Proof. Let Γ(H) be a finite automaton accepting H, and let T be a
maximal subtree of Γ(H). We have proved in section 3.1 that the set of
generators ST of H is n3)-reduced, and this set ST can be found effectively
from the initial set of generators h1, ..., hn.

Now we generalize the condition N2) to obtain different type of basis of
a free group.

Definition. A subset S ⊆ F, 1 6 ∈S 6= is called N2)-reduced (or weakly
reduced) if for any reduced word u1...un in the alphabet S±1 the following
holds: (1)

|u1...un| ≥ |u2...un|
Notice, that N2)-reduced sets satisfy the condition N2), but the reverse

is false.
Example 1. The set

s1 = {ab−1, bc, c−1a−1} ⊆ F (a, b, c)

satisfies the condition N2), but it is not N2)-reduced.
Notice also, that there are N3)-reduced sets which are not N2)-reduced,

and N2)-reduced sets which are not N3)-reduced.
Example 2. The set

S2 = {a2, b2, ab}
is N3)-reduced, but it does not satisfy N2).

Example 3. The set

S = {ab−1, bc−1, cd−1} ⊂ F (a, b, c, d)

is N2)-reduced, but does not satisfy the condition N3).
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We saw in Example 1 that it does not suffice to check the condition N2)
to verify that a given set S is N2)-reduced. Thus in Example 1 the set S1

satisfies the condition (1):

|u1...un| ≥ |u2...un|, ui ∈ S±1

for all products u1...un of length n ≤ 2. but for n = 3, we have (ab−1)(bc)(c−1a−1),
so (1) does not hold.

The following criterion of N2)-reducification shows that one has to check
the condition (1) only for products of length ≤ 2|S|.

Proposition 2. A subset S ⊆ F is N2)-reduced if and only if the inequality
(1):

|u1...un| ≥ |u2...un|
holds for every reduced product u1...un in the alphabet S±1 with n ≤ 2|S|.

Proof is in Combinatorial Group Theory: a topological approach, P. Co-
hen, L. Math. See student Texts, v.14].

For N2)-reduced sets we have a result similar to Proposition 1.
Proposition 3. Let S be an N2)-reduced subset of F . Then S is a free

basis of the subgroup H =< S > generated by S.
B. By the definition of the basis from section 1.1 it suffices to prove

that every non-trivial reduced word in the alphabet S±1 defines a non-trivial
element of F . If u1...un is a non-trivial reduced word in S±1, then

|u1...un| ≥ |u2...un| ≥ ... ≥ |un| > 0

Hence, u1...un 6= 1, as desired.
In [on length functions and Nielsen methods in free groups. J. Lou. Math

Soc.,1976,14,p.188-192.] A. Hoare showed how to construct N2)-reduced sets
in free groups.

Now we turn to the main objects of this section-N-reduced sets. There
are two principal techniques for finding an N-reduced set of generators for a
subgroup H of F which is given by a finite set of generators. The classical one
rests on elementary Nielsen transformations, which allow one to transform
a given set of generators of H into an N-reduced set. It is more difficult
technically, but it has very important applications to the automorphisms of
free groups. The second one is based on the finite automaton Γ(H) accepting
H and methods of graph theory, it provides fast and simple algorithms.

1.2 Geodesic maximal trees and N-reduced sets
Let H be a finitely generated subgroup of F . Denote by Γ(H) a finite

automaton which accepts H.
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We have seen already that for each maximal subtree T of Γ(H) one can
construct the corresponding set of generators ST of the subgroup H. More-
over, this set ST is always N3)-reduced. Our goal now is to describe some
particular maximal subtrees T of Γ(H) for which the set of generators ST is
N-reduced. To this end we need the following definition.

Definition. Let Γ be a connected graph with a distinguished vertex v0. A
maximal subtree T of Γ is called geodesic at v0 from Γ if the length of the
path in T from v0 to v is the shortest possible among all the paths from v0

to v in Γ.
If for a vertex v ∈ Γ we denote by l(v) the length of the path in T from

v0 to v, then a geodesic maximal subtree T satisfies the following condition:

(∗)|l(σ(e))− l(τ(e)| ≤ 1

for every edge e in Γ (here σ(e) is the initial vertex of e, and τ(e) is the
terminal vertex of e)

A maximal subtree T satisfying (∗) is called balanced. Notice that not
all balanced maximal subtrees are geodesic. For example: Clearly, the tree
T = Γ− {e1e2} is balanced, but not geodesic.

Proposition 4. Let H be a finitely generated subgroup of F , and Γ(H) is
automaton which accepts H. If T is a balanced maximal subtree of Γ(H),
then the corresponding set of generators ST is N-reduced.

Proof. Recall that the set ST is defined. For a vertex V ∈ Γ(H) we
denote by r(v) the path in T from 1 to v. We will the notation r(v) also for
the label of this path, which is an element from F . Then

ST = {r(σ(e))e r−1(τ(e))|e ∈ Γ− T}

we denote by S(e) the path r(σ(e))e r−1(τ(e)) as well as its label, which
is an element from H. We will call e the mid-edge of s(e). It was shown
already that ST satisfies the condition N3). notice, that the mid-edge e does
not cancel in any product of the type S(e)±1S(e1)±1 or S(e1)±1S(e)±1, for
e1 ∈ Γ− T e1 6= e. Now since

||r(σ(e))| − |r(τ(e))|| ≤ 1

we see that ST also satisfies N2).
Clearly, S(e) 6= 1 for any e ∈ Γ− T . It follows that ST is N- reduced set

of generators of H.
There is a well known procedure in graph theory (or computer science)

which for any finite connected graph Γ finds a maximal geodesic subtree T
of Γ. No we recall briefly this procedure.
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Let Γ be a connected graph with a distinguished vertex v0. Denote by
T (0) the graph with one vertex v0 and no edges. We will expand the graph
T (0) into a geodesic at v0 maximal subtree of Γ(H) by finitely many elemen-
tary steps , which we describe below. Let T 1 be a subtree of Γ and v be a
vertex in T 1. choose an edge e ∈ Γ with r(e) = v, τ(e) 6 ∈T 1, and replace T 1

by T 1v{e}. Repeat this until possible. In finitely many steps (≤ the degree
of v) we will get a tree T ′′ which contains all the vertices a distance 1 from
v. We call this process a 1-step expansion around v.

Now starting with T (0) make 1-step expansion of T (0) around v0, and
denote the resulting tree by T (1). Clearly, T (1) is a maximal subtree of the
ball (v0, 1) which is geodesic at v0. Enumerate al the vertices in T (1)− T (0)
as v11, ., v1k1 . Make 1-step expansion consequently at each vertex v11, ., v1k1

and denote the resulting tree by T (2). Again, T (2) is a maximal subtree
of the label (v0, 2) which is geodesic at v0. Enumerate all the vertices of
T (2)− T (1) as v21, ., v2k2 , and make all the consequent 1-step expansions at
these vertices. Repeating this process at finitely many steps we will construct
a maximal subtree of Γ which is geodesic at v0.

As a corollary of the foregoing discussion we have the following.
Theorem. Every non-trivial finitely generated subgroup of F has an N-

reduced set of generators and such set can be effectively found.
Remark. Notice that for a given subgroup H = {h1, ., hm} ≤ F N-

reduced set of generators can be found in O(d ◦ n) steps, where d = |h1| +
...+ |hm|} ≤ F an N-reduced set of generators can be found in O(d ·n) steps,
where d = |h1|+ ... + |hm| is the total length of the given set of generators of
H and n is the rank of F .

Indeed, we need O(d) steps to construct the graph Γ(H). For a given
vertex v ∈ Γ(H) we need ≤ 2n steps to make 1-step expansion around v.
since we have ≤ d + 1 vertices in Γ(H) the process described above will stop
in ≤ (d + 1)2n steps. Altogether, we need ≤ O(dn) steps to construct the
N-reduced set ST of generators of H.

We did not define precisely what we meant by a ”step” in the argument
above. It is understood, that any formalization of this will amount to a
constant number of elementary computations which have to be performed to
make one ”step”.
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V. Nielsen Transformations
In this section we will show how an arbitrary finite set of generators

of a finitely generated subgroup H of a free group F can be transformed
into an N-reduced set of generators of H by a finite sequence of so-called
”elementary” transformations.

Let H ≤ F, H =< h1, ..., hn >. As usual we draw a rose corresponding
to the set of generators U = {h1, ., hn}: An elementary transformation of U
consists of replacing some coordinate hi by a new word h′i according to the
following rule.

Choose any other coordinate hj, i 6= J , and draw these two loops sepa-
rately:

Then glue together the same edges starting from 1 on the upper parts of hi

and hj until this is possible: and delete the common part: Replace hi by
h′i = q−1r.

Or glue together lower parts of hi and hj until this is possible: and hi

is obtained from the result of glueing by deleting the common part. Or
else, twist hi (or hj or both) around 1 and then repeat the process above:
Equivalently, we can choose one of the two orientations in each loop: and
glue together the longest equal paths on this loop starting from 1 and going
according to the chosen orientations.

Now suppose, that starting from U we will apply only those elementary
transformations that strictly decrease the total length of the tuple: U →
U1 → ... → Um. Geometrically it means that if two loops hi and hj and we
mark the midpoints on them: then we apply elementary transformations to
hi, hj if and only if after gluing at least one of the midpoints occurred in the
common path.

Plan:
1. U → U∗-the rose.
2. Elementary transform. gluing.
3. L-minimal ⇒ N1, N2.
4. Loops into wedges:
5. If not N3, then

u = ap−1, v = pq−1, w = qb−1

in this event we perform one of the following transforms a), b)
Put in the tree Γ: we perform those which move edge to the left p < q →

U → U1 → ... in finitely many steps we cannot move to the left any more
(no room on the left), so N-reduced. a)
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b)

We can assume that our wedges sit inside the tree Γ. So the rule is if p < q,
then replace w = qb−1 by pb−1 = w but if q < p then replace u = ap−1 by
aq−1 = uv. The reason is that a such transformation leaves one branch of
the wedge fixed and moves another branch to the left.

Clearly, if the total length |U | is fixed there is only a finite number of
such elementary transformations that move at least one branch to the left
and fixes the other.

So in finitely many moves we will get to the most far left possible trans-
form of U :

U → ... → Uk = V

Now V is N-reduced. If U does not satisfy N2 then it might happen only if
there are three elements u, v, w ∈ U±1 such that u = ap−1, v = pq−1, w =
qb−1, |p| = |q|. In this event we can perform one of the following two elemen-
tary transformations:

a) replace u = ap−1 by uv = aq−1;
b) replace w = qb−1 by vw = pb−1.
We are going to specify the rule which one of these two perform. Since

the gluing of two loops from U cannot go further any of their midpoints, then
we will cut all loops at their midpoints and consider the resulting wedges:

Now our transformations look like:
If α and β are two geodesics in Γ going from root 1, then we say that α

is going to the left from β (and write α < β) if α = r ◦α′, β = r ◦ β′ and the
first edge in α′ goes to the left from the first edge in β′:

Let
u

be a loop at 1. We can write u = pq−1 where p and q are two geodesics
starting at 1 with the property that |p| = |q| (notice that the midpoint could
be in the middle of some edge, so the length of |p| is not integral in this case).

Put
L(u) = min{p, q}, R(u) = max{p, q}

So L(w) is the most far left half of u,R(u) is the most far right half of u.
Similarly, if we have:
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b) q is to the left of p, then

So the transformation u → uv moves this loop to the left.
Clearly, there are only finitely many elementary transformations which

move at least one of the tuples to the left and keep the same total length of
the tuple. So in finitely many moves

Um → Um+1 → ... → Um+k = V

we will get a tuple V that cannot be moved to the left anymore. Then V is
N-reduced.

The tuple Um satisfying N0 and N1 may not satisfy N2 only in the
following case: there are elements u, v, w ∈ U±1

m such that u = ap−1, v =
pq−1, w = qb−1 and |p| = |q|. In this event we can apply an elementary
transformation and replace

u = ap−1

by
uv = aq−1

or replace
w = qb−1

by
vw = pb−1

Let us cut our loops at the midpoint and put them into the graph into
the graph Γ.

There are two possible cases: a) p is to the left of q in Γ, then so trans-
formation w → vw moves our loop more to the left.

We say that a loop u is to the left of the loop v ( and write u < v) if
L(u) < L(v) or L(u) = L(v) and R(u) < R(v).

Geometrically:

Clearly, for any loop u there are only finitely many loops v with equal length
|u| = |v| and to the left of u.

Now we can continue the chain of transformations

U → ... → Um → Um+1 → .Uk = V

allowing transformations that keep the same total length but decreasing at
least one of the loops with respect to the ”left” ordering < but replacing one
of the loops by a loop to the left of it.
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Claim: V is N-reduced. Suppose v does not satisfy N2. Since V satisfies
N0 and N1 the only case when the condition N2 fails is the following: there
are some loops u, v, w ∈ V such that u = qap−1, v = pq−1, w = qb is to the
left of v if

L(u) < L(v)

or L(u) = L(v) and R(u) < R(v).

Shortleft order.
Let A = {a1, ..., an}. List all elements in A ∪ A−1 in the following order:

a1 < a−1
1 < a2 < a−1

2 < ... < an < a−1
n (∗)

. Now we can draw the following plane tree with root 1:

i.e., from each vertex there are exactly 2n outgoing edges which are located
from the left to the right with respect to the order (∗). n = 2

If α and β are two paths from 1 then we say that α < β ⇔ |α| < |β| or
|α| = |β| and α is to the left of β i.e., α = γ ◦ α′, β = γβ′ and α′ goes to the
left from β′.

Let a1 < a1
−1 < a2 < a−1

2 . < an < an
−1(∗). We will draw the Cayley

graph γF of F in the following way: i.e., from each vertex v all edges go from
the left to the right with respect to the order (∗). Let u be a loop at 1 in
our rose. Then we can write u = pq−1 where |p| = |q| notice that we allow

for the midpoint of u to be in the middle of the edge, so |p| = |q| = 2
|U |
2̄ .

Now if we draw the geodesic p and q in the graph Γ(F ) then it is clear what
means that one of them goes to the left from the other, we will call this one
the left half of u and denote by L(u), the other one is the right part of u and
we denote it by R(u). Now if u and v are two loops then we can cut both
at midpoints and all the a halves in ΓF . We say that u and |p| = |q|. Now
there are two possibilities, if L(v) = p, then the loop vw = pb is to the left
of w = qb, contradiction with minimality of V . If L(v) = q, then uv is to
the left of u- again a contradiction. Hence, this case cannot occur and V is
N-reduced.

Clearly, for a given tuple U we can apply not more then |U | elementary
transformations, which decrease the total length. Suppose

U → U1 → ... → Um
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and there is no any elementary transformation that decreases the total length
of Um. Then the set of all non-trivial fundamental loops in the rose Um

satisfies the conditions N1 and N2.
Let us order the elements of A ∪ A−1 as follows:

a1 < a1
−1 < a2 < a2

−1 < . < an < an
−1

We can draw the Cayley graph of the group F (a1, ..., an) in the following way
(left oriented) such that from each vertex the smallest edge goes to the left,
then the next one and so on.
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Automorphisms of F .
Let F = F (x1, ., xn be a free group with a basis x1, ., xn.
Theorem. The following holds:
1) F cannot be generated by fewer than n elements;
2) if F is generated by a set U = (U1, ., Un) of n elements, then U is a

basis of F .
B. Suppose F is generated by U = (u1, .., um). Then there exists a chain

of elementary Nielsen transformations t1, ..., tk such that

V = Ut1...tk

is N-reduced, and therefore a basis for F = 〈U〉. Hence |V | = n. But
|U | ≥ |V |, and it follows that m ≥ n.

Now suppose that m = n. Then in the notations above V = Ut1...tk is
a basis of F . Since U = V tk

−1...t−1
1 and every regular elementary Nielsen

transformation transforms a basis into another basis of F , then U is a basis
of F (notice, that all the transformations t1, ..., tk are regular).

Definition. A group G is called Hopfian if it is not isomorphic to any
proper factor group of itself.

Observe, that G is Hopfian if every epimorphism of G is an automorphism.
Theorem. Every finitely generated free group is Hopfian.
B. Let ϕ : F → F be an epimorphism of F . Then U = (x1

ϕ, ..., xn
ϕ)

generates F . Hence by the theorem above U is a basis of F . It implies that
ϕ is an automorphism. Any regular elementary Nielsen transformation on
X = {x1, ..., xu} extends to an automorphism of F . Such automorphisms of
F are called elementary Nielsen X-automorphisms of F .

There are n + n(n− 1) = n2 elementary Nielsen X-automorphisms.
Denote by U = (u1, ., un) a tuple in F n. For an automorphism ϕ ∈ AutF

denote by Uϕ = (u1
ϕ, ..., un

ϕ). If t is a regular Nielsen transformation then
for any ϕ ∈ AutF we have

(Ut)ϕ = Uϕt

This simple observation will be of use in the following result.
Theorem. Let F = F (x1, ..., xu). Then the elementary Nielsen automor-

phisms generate the group AutF
B. Let ϕ ∈ AutF and U = Xϕ. Then U generates F and therefore there

exists a chain of elementary regular Nielsen transformations t1, ..., tn such
that Ut1, ..., tn is N-reduced, then every element of F , in particular all xi’s,
can be expressed as a product of components of Ut1, ..., tn. But then every
xi is a component of Ut1, ..., tn. Hence the claim.

Now
U = Xtk

−1.t1
−1
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Denote by ϕi the elementary Nielsen X-automorphism defined by ti.
Then

U = Xtn
−1...t−1

1 = (Xϕ−1
k t−1

k−1...t
−1
1 =

= (Xt−1
n−1...t

−1
1 )ϕ−1

u

Hence
Uϕu = Xt−1

k−1...t1

Continually this process we will get

Uϕk...ϕ1 = X

So Xϕϕk...ϕ1 = X and ϕ = ϕ1
−1...ϕk

−1.
Generators of AutFn.
As we have mentioned already the automorphism group AutFn of a free

group Fn of rank n is generated by elementary Nielsen automorphisms.
Let Fn = Fn(x1, ..., xn). By definition elementary Nielsen X- automor-

phisms are the following ones:
1) xi → xixj, i 6= j;
2) xi → xi

−1 for all 1 ≤ i 6= j ≤ n.
In fact, the group AutFn is generated by the following four automor-

phisms:

Indeed, to obtain all the automorphisms of the type 1) and 2) we need only
automorphisms

σ : x1 → x1
−1, U : x1 → x1x2

and all the permutations of the set X.
It is a well known result that the group of permutations S(X) of the set

X can be generated by only two autos:

P : x1 → x2, x2 → x1

Q : x1 → x2, x2 → x3, ..., xn → x1

Corollary 1. Let F = F (x1, x2) be a free group of rank 2. Then for any
ϕ ∈ AutFn there exists f ∈ F s.t.

[x1
ϕ, x2

ϕ] = f−1[x1, x2]
±1f

B. It is suffices to check only for elementary automorphisms. Indeed,
let ϕ = ϕ1...ϕk be a product of elementary automorphisms. Then y1 =
x1

ϕ1...ϕk−1 , y2 = x2
ϕ1...ϕk−1 form a basis of F2, hence

[y1
ϕk , yϕk

2 ] = fk
−1[y1, y2]fk
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and we apply induction to y1 = x1
ϕ1...ϕk−1 , y2 = x2

ϕ1...ϕk−1 .
Theorem (Nielsen). A pair (u, v) form a basis of F2(x1, x2) if and only if

[u, v] = f−1[x1, x2]
±1f

for some f ∈ F2.
B. Indeed, if (u, v) is a basis of F2, then x1 → u, x2 → v is an automor-

phism of F2 and the conclusion follows from the corollary above. Suppose,
now

[u, v] = f−1[x1, x2]f

then
[uf−1

, vf−1

] = [x1, x2]

and u1 = uf−1
, v1 = vf−1

is a solution of the equation [u1, v1] = [x1, x2]. In
this case (u1, v1) can be obtained from (x1, x2) by elementary transformations
(see section 3.3), hence x1 → u1, x2 → v2 is an automorphism of F2, as well
as x1 → u, x2 → v.

Fixed points of endomorphisms.
Let F be a free group on x1, ..., xn, and ϕ : F → F be an endomorphism.

Then the set of all fixed points of ϕ. Fixϕ = {w ∈ F |wϕ = w} is a subgroup
of F .

Theorem. For any endomorphism φ : F → F the subgroup Fixφ is
finitely generated.

B. We construct an automaton Γ (not finite) which accepts Fixϕ.
First we construct a non-oriented graph Γ that accepts Fixϕ. Let ele-

ments from F be the vertices of Γ. Two vertices v and w are connected by
and edge if there exists an element x ∈ X ∪X−1 such that x−1vxϕ = w. We
label this edge by x. Obviously, (x−1)−1w(x−1)ϕ = v, we consider this edge
as the inverse for the previous one.

The graph Γ accepts Fixϕ. Indeed, if reading w along Γ we finished at
1, then

w−1wϕ = 1, i.e., wϕ = w

Claim. The graph Γ has only finitely many fundamental loops, i.e., for
any maximal subtree T of Γ the set Γ − T is finite: (and hence Fixϕ is s
finitely generated).

To prove this define the following orientation of edges in Γ. Suppose e
is an arbitrary edge between v and w with label x. If v and w satisfy the
condition:

(*) v does not cancel out completely in vxϕ w does not cancel out com-
pletely in w(x−1)ϕ then we orient the edge e as going from v into w if and
only if v begins with x.
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Notice that if v does not begin with x then w begins with x−1 and hence
the edge e has orientation from w into v.

It shows, that in the event (*) the vertex v has only one outgoing edge.
Clearly, only initial segments of xϕ and (x−1)

ϕ
do not satisfy the condition

(*). Hence outside the ball B(1, r) with radius r = max{|xϕ||x ∈ XUX−1}
each vertex has exactly one outgoing edge.

The graph B(1, r) is finite, therefore the graph Γ−B(1, r) has only finitely
many connected components say Γ1, ..., Γm.

Lemma. Let ∆ be a connected oriented graph with exactly one outgoing
edge at each vertex. Then either ∆ is a tree or ∆ has exactly one fundamental
loop.

B. Proof. Let p = e1.en be a loop in ∆ as a non-oriented graph. Then p
is a loop in ∆ with the given orientation. Now if we delete an edge from p
then ∆− e will have a vertex with no loops at all. Clearly e lies at most in
one loop in ∆. Hence ∆ has at most one fundamental loop.

Now to finish the proof it suffices to notice that if we choose a maximal
subtree Ti in Γi. Then the union UTi can be enlarged to a maximal subtree T
of Γ and T − Γ is finite. To see this it suffices to notice, that every subforest
of a connected graph can be extended to a maximal forest which contains all
the vertices. Then we add some bridges between these connected components
of the maximal forest, and turn it into a tree.

Schrier’s method.
Let F = F (a1, ..., an) be a free group and H a subgroup of F . Recall,

that a set of representatives S = {so = 1, s1, ...} of right cosets of H in F is
called a Schrier set, if for every s ∈ S each initial segment of s also belongs
to S.

We have showed in the previous section that if H is a subgroup of finite
index and T is a spanning subtree of Γ0(H) then the set ST of all paths in T
starting at 1 is a Schrier’s transversal for H in F . Now we will prove that the
reverse is also true, namely, for any subgroup H with Schrier’s transversal
S there exists a graph Γ accepting H and a spanning tree T in Γ such that
S = ST .

Indeed, consider the tree T with the given set S as vertices of T and for
vertices u, v ∈ S we draw an edge with label ai from u into v if and only if
uai = v. Clearly, T is a tree.

For an element w ∈ F by w̄ we denote the representative of w in S. now
for each vertex v ∈ T and each ai ∈ A we connect v with the vertex ¯vai by
the directed edge from v into ¯vai and label this edge by ai. The resulting
regular graph is denoted by ΓS. By the construction T is a spanning tree for
ΓS. For every e ∈ ΓS − T the fundamental path pe defined by e is equal to
s1sais2

−1. Observe, that s2 = ¯s1a1, so pe defines an element from H. Since
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every closed path at 1 is a product of fundamental loops, it follows that ΓS

accepts H. Moreover, S = ST as desired.
Definition. Schrier’s transversal S of H in F is called minimal if each

s ∈ S is of minimal length is its coset Hs.
Proposition. Let H be a subgroup of F . Suppose a graph Γ accepts H

and T is a geodesic spanning subtree of Γ. Then the Schrier transversal ST is
minimal. The reverse is also true, if S is a minimal Schrier transversal then
S is a geodesic spanning tree in ΓS.

B. Obvious.
Corollary. If S is a minimal Schrier transversal for a subgroup H of F .

Then the set RS of all fundamental loop sin ΓS with respect to the spanning
subtree S is an N-reduced set generators of H.

That was the original Schrier’s idea: find a minimal Schrier transversal S
for H. Then the set RS of all non-trivial elements of the form sx(s̄x)−1, s ∈
S, x ∈ A, (all fundamental loops in ΓS!) is a basis for H.

What is left to show is how to find a minimal Schrier transversal S for H.
To this end, let ≤ be a Shortlex order in F . In each coset Hw of H choose
the minimal element with respect to ≤, say w̄. Then the set S = {w̄|w ∈ F}
is a Schrier minimal transversal of H.

Nielsen-Schrier Theorem (general case).
Theorem. Ever subgroup of a free group F is free.
Before we start to prove the theorem, let us introduce a well-ordering <<

on F .
Let < be an arbitrary ordering on A ∪ A−1 (recall that A is a basis of F

), for example,
a1 < a2 < ... < an < a1

−1 < a2
−1 < ...

or if A is infinite:
a1 < a1

−1, a2 < a2
−1 < ...

Thus (A ∪ A−1,≤) is a well ordered set.
Extend ≤ auto F (A) as follows: if u = aε1

i1
...ain

εn , v = aδ1
j1

...aδm
jm

then u < v
is and only if

1) |u| < |v|, or
2) |u| = |v|, and there is some k such that

aie = aje , εe = δe

for all e < k, and a
εe+1

ie+1 < a
δe+1

je+1
.

Clearly, < is a well-ordering on F (A). Such orderings are called shortlex
orderings.

Observe, that
u < v ⇒ w ◦ u < w ◦ v
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u < v& |w1| ≤ |w2| ⇒ u ◦ w1 < v ◦ w2

The left e(v) a word v ∈ F is defined as the initial segment of v of length
[|v|+1

2]
where [] is the integral part function, i.e., if |v| = 2n, then e(v) is the

initial segment of v of length n; if |v| = 2n+1, then e(v) is the initial segment
of length n + 1.

Finally define an order < on pairs {u, u−1} as follows u±1 < v±1 if either
1) |u| < |v|; or
2) |u| = |v| and either lmin{u, u−1} < min{v, v−1} or this mins are equal

and
max{u, u−1} < max{v, v−1}

Let H be a subgroup of F . For α ∈ H define

Hα = 〈h ∈ H|h±1 < α±1〉

and put A = {a ∈ H|a /∈ Hα}. Let S be a subset of A which is obtained
from A by throwing away exactly one of each inverse pair of elements.

Claim. S is N-reduced set of generators of H.
Proof. 1) S generates H. Suppose 〈S〉 6= H, and let α±1 be the minimum

pair in H − 〈S〉. Then α /∈ ∈A ⇒ α ∈ Hα, but by minimality of α we have
Hα ≤ 〈S〉-contradiction.

2) S is N-reduced. Indeed,
N1: 1 /∈ S for 1 ∈ H1 = 〈φ〉 = {1}
N2: Let u, v ∈ S ∪ S−1, then |uv| ≥ |u|, indeed, suppose (uv)±1 < v±1.

Then v ∈< uv, u >⇒ v ∈ Hv-contradiction with choice of A. Hence (uv)±1 >
u±1, v±1. But then

|uv| ≥ |u|, |v|
N3: As in the Nielsen theorem.
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Whitehead Method.
Let F = F (x1, ..., xn) be a free group with basis X = {x1, ..., xn}. Let

a ∈ X±1. We call an automorphism ϕ ∈ AutF of the type (w) if ϕ maps
each element xi ∈ X into one of the following:

xi, xia, a−1xi, a
−1xia

Notice, that if ϕ is an automorphism of the type (w) then ϕ maps xi
−1

also into one of the following:

xi
−1, xi

−1a, a−1xi, a
−1xia

Also, is ϕ is of the type (w), then ϕ−1 is also of the type (w).
Definition. A Whitehead X-automorphism of the group F is an automor-

phism of one of the following types:
1) xi ⇒ xj, xj ⇒ xi, xk → xk, k 6= i, j;
2) xi ⇒ xi

−1, xk ⇒ xk, k 6= i;
3) an automorphism of the type (w).
Notice, that Nielsen X-automorphisms are also Whitehead X- automor-

phisms. Denote by Ω the set of all Whitehead automorphisms of F . Then Ω
generators AutF . We say that two tuples

U = (u1, ..., um), V = (v1, ..., vm)

are AutF -equivalent (and write U ∼Aut V ) if there exists an automorphism
ϕ ∈ AutF s.t.

Uϕ = V (i.e., uϕ
i = vi, i = 1, ..., m)

Clearly, ∼Aut is an equivalence relation on Fm. Denote by [U ] the equiv-
alence class containing U .

A tuple U is called Aut-minimal, is U has a minimal total length

|U | = |u1|+ ... + |um|
in its class [U ]

The following result shows how one can effectively find a minimal element
in the class [U ].

Theorem (Whitehead). Let U, V ∈ Fm and U ∼Aut V . Then:
1) if |U | > |V |, then there exists an automorphisms ϕ ∈ Aut of the type

(w) s.t.
|U | > |Uϕ|

2) if |U | = |V |, then there exists a finite sequence of Whitehead automor-
phisms ϕ1, ..., ϕk such that Uϕ1...ϕk = V and

|U | = |Uϕ1| = |Uϕ1ϕ2 = ... = |Uϕ1 ... ϕk | = |V |
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Proof is difficult and we will omit it for a while. Now we can describe the
Whitehead algorithm which finds a minimal element in [U ] and also allows
one to decide effectively whether two tuples U and V are AutF -equivalent
or not.

Whitehead Algorithm:
Apply automorphisms of the type (w) to the tuple U and see whether it

is possible to reduce the total length. If this is not possible, then U is ∼Aut-
minimal. If there exists an automorphism ϕ1 of the type (w) which decreases
the total length of U , then consider U1 = Uϕ1 and repeat the process. In
finitely man steps the process will stop:

|U | > |Uϕ1| > ... > |Uϕ1...ϕn |
and Uϕ1...ϕn is -minimal.

Now let U and V be tuples from Fm. Then one can effectively decide
whether U ∼ V or not. To this end, let U∗ and V ∗ is minimal in the classes
[U ] and [V ]. Then if |U∗| 6= |V ∗|, then U 6∼ V . If |U∗| = |V |, then it suffices
to do the following. Starting at U apply all Whitehead automorphisms which
do not increase the length:In finitely many steps we will construct the graph
Γ in which vertices are all the -minimal elements in [U ], and in which two
vertices are connected by an edge if there exists a Whitehead automorphism
transforming one vertex into the other. If V occurs among the vertices of
this graph, then V ∼ U , otherwise V 6∼ U .

Unfortunately, the Whitehead algorithm is not that effective. It takes
about

c|U |2
steps to find a minimal tuple in the class [U ], where

c ≈ n8n, n = rankF

Moreover, the number of steps required to construct the graph above can be
estimated as

≤ C1(2n)|U |

where
C1 = n!2n

It is still unknown whether it is possible to verify that U ∼Aut V in a
number of steps which is a polynomial on |U |. In this direction the following
problems are of interest.

Problem 1. Is the number of minimal elements in [U ] is bounded from
above by a polynomial on |U | ? ( i.e., is the number of vertices in the graph
Γ above is bounded by a polynomial on |U | ?)
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Problem 2. Is the diameter of the graph constructed above is not greater
then a polynomial on |U |?

Definition. An element g ∈ F is called primitive if g can be included into
some basis of F .

A system of elements g1, .., gk ∈ F is called primitive if g1, ..., gn is a part
of a basis F .

Notice that a system g1, ..., gn is primitive if and only if, there exists an
automorphism ϕ ∈ AutF such that

gφ
1 = x1, ..., g

φ
k = xk

Corollary. U = (u1, ..., uk) is primitive in F iff there exists a finite sequence
of Whitehead automorphisms ϕ1, ..., ϕs that

|Uϕ1| > |Uϕ1ϕ2| > ... > |Uϕ1 ... ϕs|

and
Uϕ1...ϕs = (y1, ..., yk), yi ∈ X±1

Hence there is an algorithm which decides whether a system U = (u1 ..., uk)
is primitive or not. In particular, the problem whether a subgroup 〈u1, ..., uk〉
is a free factor of F or not, is decidable.
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Test elements.
Let F = F (x1, .., xn) be a free group with basis X = {x1, ..., xn}. Any

tuple of elements (u1, ..., um) ∈ F n gives rise to an endomorphism of F :

ϕxi → ui, i = 1, ..., n

and every endomorphism of F can be obtained this way.
Denote by End(F ) the set of all endomorphisms of F .
Due to Whitehead theorem we can recognize whether a given endomor-

phism ϕ ∈ EndF is an automorphism of F . But this is a very time con-
suming algorithm and we would like to have some other test for ϕ to be an
automorphism.

There is a very simple and effective test for isomorphism in the case F has
rank 2. According to the theorem of Nielsen an endomorphism ϕ ∈ EndF2

is an automorphism if an if and only if

[x1
ϕ, x2

ϕ] = f−1[x1, x2]
±1f

for some f ∈ F2, i.e., if and only if, either the cyclic words [x1
ϕ, x2

ϕ] and
[x1, x2] are equal, or the cyclic words [x1

ϕ, x2
ϕ] and [x2, x1] are equal.

In particular, ϕ ∈ End is an automorphism if

[x1, x2]
ϕ = [x1, x2]

i.e., [x1, x2] ∈ Fixϕ.
Definition. A word w ∈ F is a test word if for any ϕ ∈ EndF

wε = w

implies that ϕ is an automorphism of F .
For example, [x1, x2] is a test word in F2(x1, x2) (as well as [x1, x2]).
Obviously, x1 is not a test word, since fixes x1 and is not an automorphism

of F2.
One can generalize the example above to the following.
Remark. It w belongs to a proper free factor of F , then w is not a test

element. This leads to the following.
Definition. The rank of w ∈ F is the smallest rank of a free factor of F

containing w.
It is clear, that if w is a test word, then the rank of w is equal to the rank

of F .
The reverse is not true.
Example. Let ϕ : F2 → F2 be defined by then ϕ(w) = w (check!) but the

rank of w is 2 (we will check it later).



Combinatorics over free groups 113

A free factor is a particular example of a more general type of subgroups
of F , so called retracts of F .

Definition. An endomorphism ϕ : G → G of a group G is called a
retraction (or retract) if ϕ2 = ϕ. If ϕ is a retraction of G, then the image
ϕ(G) is called a retract of G.

It is easy to see that if ϕ : G → G is a retraction, then (gϕ)ϕ = gϕ, hence
ϕ is identical on ϕ(G). So a subgroup R ≤ G is a retract if and only if the
identical map i : R → R can be extended to an endomorphism G → R.

Notice, that if R is a free factor of F , then any endomorphism of R (not
only identical) can be extended to an endomorphism of F . Therefore, every
free factor of F is a retract.

We will see shortly, that there are retracts of F which are not free factors.
Theorem (T. Turner). A word w ∈ F is a test word if w does not lie in

any proper retract of F .
Before we prove this theorem we will consider some properties of retracts

of F .
Definition. let ϕ : F → F be an endomorphism of F . Then the subgroup

ϕ∞(F ) = ∩ϕi(F )

is called the stable image of ϕ.
It is easy to see, that ϕ∞(F ) is invariant under action of ϕ, i.e.,

g ∈ ϕ∞(F ) ⇒ gϕ ∈ ϕ∞(F )

Denote by ϕ∞ the restriction of ϕ on ϕ∞(F ).
Exercise. Prove that ϕ∞ is an automorphism of ϕ∞(F ).
Notice, that Fixϕ ≤ ϕ∞(F ), and ϕ∞(F ) = F ⇔ ϕ ∈ AutF .
Proposition. Let ϕ : F → F be an endomorphism of F . Then ϕ∞(F ) is

a retract of F . If ϕ is a monomorphism of F , then ϕ∞(F ) is a free factor of
F .

Lemma. ϕ∞(F ) is a free factor of ϕn(F ) for almost all n.
We will show first, that the conclusion of the proposition follows from

this lemma.
Let n be such n that

ϕn(F ) = ϕ∞(F ) ? H

If ϕ is a monomorphism, then

ϕn : F → ϕn(F ) = ϕ∞(F ) ? H

is an isomorphism. Put
H̄ = (ϕn)−1(H)
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Then
F = (ϕn)−1(ϕ∞(F )) ? (ϕn)−1(H) = ϕ∞(F ) ? H̄

Hence ϕ∞(F ) is a free factor of F .
Now denote by π : ϕn(F ) → ϕ∞(F ) the projection of ϕn(F ) on the free

factor ϕ∞(F ).π is defined as follows: if ϕn(F ) = F (a1, ..., am, am+1, ..., am+k)
and ϕ∞(F ) = F (a1, ..., am), H = F (am+1, ..., am+k), then We have the follow-
ing chain of homomorphisms:

F →ϕn

ϕn(F )→πϕ∞(F ) →(ϕ∞)−1

ϕ∞(F )

Denote by p the composition of this sequence of homomorphisms. Then

p : F → ϕ∞(F )

and p2 = p. Hence ϕ∞(F ) is a retract of F .

F
ϕn→ ϕ∞(F ) ∗H

ρϕ∞(F ) = idF

Open Problems:
1. Let ϕ ∈ EndFn and ϕ takes every primitive element of F to a primitive

element of F . Is ϕ an automorphism of Fn?
2. 1 6= u ∈ F is called strong test element if ∀ϕ ∈ EndF if ϕ(u) 6= 1 and

ϕ(u) ∈ ncl(u) then ϕ ∈ AutF . Are these strong test elements?
3. Let S ≤ F , R be a retract of F . Is it true that S ∩R is a retract of S?
Proof of the Lemma. We will prove it in a more general form.
Let

(1)H1 > H2 > .

be a descending chain of free groups and r(H1) is finite or countable. Then
the subgroup

H = ∩Hi

has a free basis a1, a2, . such that any finite set

a1...ak

freely generate a free factor in all but finitely many Hi.
B. H is countable. Let

H = {1, w1, w2, w3, ..}
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be an enumeration of H.
Let Hji be the first term of the chain (1) in which w1 has smallest possible

length as a word in a set of free generators of Hji. If

w1 = a1
ε1 .an

εn

then each aik is in H. For if aik ∈ H for every ∀k ≤ q, but aik+1
is not in

Hjt for some Ht, t.ji, we chose aik+1
as its own representative in a Schrier

system for Hj1 and Ht. Then w1 has shorter length in Ht. ( Rewrite w1 in
S-symbols). Now 〈a1, ..., aip〉 is a free factors of Hj1 .

Chains of Subgroups.
Let G1, G2, G3, ..., Gi...(i ∈ N) be a sequence of subgroups. If Gi ≤ Gi+1

for every i ∈ N, then the sequence is called an ascending chain of groups.
We write this as (1)

G1 ≤ G2 ≤ G3 ≤ .(i ∈ N)

The union G = ∪Gi forms a group with respect to the multiplication induced
by the multiplications on each Gi. We say that (1) is strictly ascending chain
if Gi < Gi+1 for each i.

If there exists an index n such that Gi+1 6= Gi for each i ≥ n, then we
say that (1) stabilizes.

Example 1. Let F be an infinite cyclic group, then every ascending chain
of subgroups of F stabilizes. In fact, such a chain stabilizes at most after n
steps, where n is the index of the first term of the chain in F .

Example 2. Let F be a free group of rank ≥ 2. Then F contains a
subgroup H of infinite rank. If {a1, a2, ...} is a basis of H, then (3)

< a1 ><< a1, a2 ><< a1, a2, a3 >< ...

is an infinite strictly ascending chain of subgroups of F . Notice, that the
sequence of ranks of the subgroups in (3) is not bounded from above.

Let {Fi|i ∈ N} be a sequence of free groups. We say that the ranks of
groups Fi, i ∈ N, are uniformly bounded if there exists an integer r such that
r(Fi) ≤ r.

It turns out that every ascending chain of subgroups of a given true group
stabilizes provided the ranks of these subgroups are uniformly bounded. To
show this we need to prove first the following.

Theorem. Let (4)
F1 ≤ F2 ≤ ...

be an ascending chain of free groups with uniformly bounded ranks. Then
the union

G = ∪Fi
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is a Hopfian group.
Proof. Let γ0 be the least positive integer for which there exists a chain

of the type (4) with rank uniformly bounded by γ0 and such that G = ∪Fi

is not Hopfian. Then there exists a normal non-trivial subgroup N 4G such
that

G ' G/N

Then
G ' G/N = ∪FiN/N ' ∪Fi/N ∪ Fi

Notice, that every free subgroup of G is contained in some Fi, hence it is
free. In particular, the group FiN/N ' Fi/N ∩ Fi is free. Since N is not
trivial, then N ∩Fi 6= 1 for each i ≥ n. Therefore, the rank of the free group
FiN/N is strictly less then that of Fi, i.e., r(FiN/N) < γ0.

Now G is the union of the chain of free groups

FnN/N ≤ Fn+1N/N ≤ .

with the rank uniformly bounded by γ0−1-contradiction with the minimality
of γ0. It follows, that G is Hopfian.

Corollary. Let F be a free group. Then every ascending chain of sub-
groups of F , with uniformly bounded ranks stabilizes.

Proof. Indeed, let G be the union of an ascending chain of subgroups of
F with uniformly bounded ranks. Then G is free as a subgroup of F and G
is Hopfian by the theorem above. Since a free group of infinite rank is not
Hopfian, and the chain stabilizes, as desired.

Let H be a subgroup of F and let γ be the rank of H. Then by the
corollary above every chain of the type

H = F1 ≤ F2 ≤ .

where Fi are subgroups of F of the rank γ, stabilizes. Therefore, there exists
a maximal subgroup H̄ of rank γ in F , containing H, i.e., a subgroup of
rank γ which contains H, but which is not a proper subgroup of any other
subgroup of rank γ in F . We call such subgroups of F γ-maximal.

Proposition. For a given subgroup H of rank γ = 1, 2 in a free group F
there are only finitely many γ-maximal subgroups in F containing H. More-
over, if H is given by a set of generators h1, ..., hm then one can effectively
enumerate all such γ-maximal subgroups.

Proof. Let H̄ be a γ-maximal subgroup containing H. Then all the words
h1, ..., hm are readable in the automaton Γ(H̄). Moreover, if we denote by
ΓH the subgraph of Γ(H̄) consisting of all paths with the labels h1, ..., hm in
Γ(H̄), then Γ(H̄) − ΓH is a tree. Indeed, if T is a maximal subtree of ΓH ,
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then we can extend T to a maximal subtree T of γ(H̄). Now if there exists a
loop in Γ(H̄)− ΓH then there exists a fundamental loop in ΓH with respect
to the tree T such that the label of this loop does not belong to H. Hence
the rank of H̄ is greater then the rank of H-contradiction.

It shows, that the group H̄ coincides with the subgroup accepted by
the automaton ΓH . Clearly, there are only finitely many ways to construct
different graphs ΓH starting with generators h1, ..., hm (see section about test
elements).

To finish the proof one needs to show that the rank of the subgroup
accepted by ΓH is not less then the rank of H. Indeed, if γ(H) = 1 or 2,
then H is not contained in any subgroup of smaller rank. ¤.

Notice, the proposition does not hold for γ = 4:
Example. Let H be a subgroup accepted by Now one can extend ΓH by

adding an arbitrary loop to a graph accepting a subgroup H̄ containing H,
so one can construct infinitely many such different (?) subgroups.

The example above shows, that at least in rank ≥ 4 the maximal exten-
sions H̄ can be very different. Now, if one would like to have an extensions H̄
of the same rank as H and s.t. H does not contain in any proper free factor of
H̄, then we can describe such ”algebraic” maximal extensions of H. Indeed,
in this event the rank of ΓH cannot collapse, i.e., rank(ΓH) = rank(H). And
we have the description of ”algebraic extensions” H̄ similar to the proposition
above.

Problem. Is any maximal extension H̄ of H ”algebraic” if rank (H) = 3.
Proposition. Let H be a finitely generated subgroup of F of finite index

Then H is maximal, i.e., H = H̄.
Proof. Let H ≤ H̄ ≤ F and [F : H] < ∞. If γ(H) = γ(H̄), then

[F : H̄] =
γ(H̄)−1

¯γ(F )− 1=
γ(H)−1

¯γ(F )− 1= bF : Hc

Hence [H̄ : Hc = 1 and H = H̄.
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Descending Chain of Subgroups
If Gi, i ∈ N are subgroups of a group G and Gi ≥ Gi+1 for every i ∈ N,

then the sequence (1) G1 ≥ G2 ≥ ... ≥ Gi ≥ Gi+1 ≥ ... is called a descending
chain of subgroups of G. (And strictly descending in the case when Gi >
Gi+1, i ∈ N).

If F =< x > is an infinite cyclic group, then the following is an infinite
strictly descending chain of subgroups of < x >:

< x >>< x2 >>< x3 >>

This example shows that if a group G has an element of infinite order, then
there are infinite strictly descending chain of subgroups of G.

For a descending chain (1) denote by Gw the intersection of all terms in
(1):

Gw = ∩Gi

Our primary concern in this section will be to investigate when Gw = 1.
Theorem (Takahashi). Let

F = F1 > F2 > F3 > ...

be a strictly descending chain of subgroups of a free group F such that for
each i, Fi+1 does not contain any primitive element of Fi. Then Fw = 1.

Proof. By induction on i we prove that every non-trivial element w ∈ Fi

has length |w| ≥ i in F . i = 1 is obvious. i = n+1. Suppose every non-trivial
element of Fi has length ≥ i. Let Xi be a N-reduced basis of Fi. If w ∈ Fi+1,
then

w = y1...ym, yk ∈ Xi

If m ≤ 2 then either w is primitive in Fi or w = y1
2 and in this case

|w| = |y1
2| > |y1| ≥ i.

Corollary. Let
F = F1 > F2 > ... > Fn > ...

be a strictly descending chain of subgroups of F . Suppose that Fi+1 is in-
variant under AutFi, then Fw = 1.

Proof. Indeed, if Fi+1 is invariant in Fi, then Fi+1 does not contain any
primitive element from Fi.
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Regular Subsets of Free Groups.
1. Definition of an automaton over a monoid M . (Standard automaton,

deterministic automaton).
1.1 Regular sets (as accepted by a finite automata closure of regular sets

under ·; ∗.
2. Pumping lemma.
3.

∑ → M Ã
∑∗ → M

∑
= (XuX−1),

∗∑
ϕ→ F (x) ⊂

∗∑

Lemma. L ⊂ ∑∗ is regular ⇒ ϕ(L) is regular (∈ ∑ast.
4. A subgroup is generated by a regular set ⇔ it is finitely generated.
5. Regular sets: {x2|x ∈ F} is regular. Then let w ∈ F (x) and W (F ) =

{f |∃y1, ..., yn ∈ Ff = w(y1, ..., yn)}. Then w(F ) is regular ⇔ (F ) = F or
w(F ) = 1. (Nikita).

6. Then let u(x, ḡ) = 1 be an equation of one variable over F . Then the
solution set in FVF (u) == a1b

x
1c1∪a2b

z
2c2∪ ...∪akb

z
kck for some ai, bi, ci ∈ F .

(prove without Appel).
7. Problem: Characterize quadratic equations over F with regular solu-

tion sets.
8. Characterize regular orbits of subgroups A ≤ AutF over F . For

example, let f ∈ F , αβ ∈ AutF when the orbit < α, β > f is regular?


