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Abstract

In this paper we study G-constructible groups which are finitely gen-
erated subgroups of Z[t]-completion G of a given CSA-group G. Using
Bass-Serre theory we prove that G-constructible groups can be obtained
from subgroups of G by free constructions of a special type. As an applica-
tion of this technique we compute cohomological and homological dimen-
sions of fully residually free groups which can be viewed as G-constructible
groups, where G is a free group.

1 Introduction

Let IC be a class of groups. By K-constructible groups we denote groups which
can be obtained from groups from X by finitely many operations of a certain
type: free products, extensions of centralizers, free products with amalgamation
along abelian subgroups one of which is maximal, and HNN-extensions with
abelian associated subgroups one of which is maximal. We call these operations
elementary operations.

In particular, for a group G one can consider C-constructible groups, where
K = Sub(G) is the class of all subgroups of G. These groups play an important
part in algebraic geometry over groups and theory of quasi-varieties (see [18]).
Our interest to such groups originates from the following open problem:

For a given torsion-free hyperbolic group G describe finitely gener-
ated G-groups which are G-universally equivalent to G.

It is known [1, 17] that finitely generated G-groups G-universally equivalent
to G are precisely the coordinate groups of irreducible algebraic sets over G,
or equivalently, the finitely generated groups discriminated by G. In [17] the
authors, following Lyndon [14], introduced a Z[t]-completion GZ* of a given
CSA-group G. In paper [2] it was shown that finitely generated subgroups of
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GZM are G-universally equivalent to G. There are reasonable indications that
the reverse is also true.

Conjecture. A finitely generated G-group H is G-universally equivalent
to a given torsion-free hyperbolic group G if and only if H is embeddable into
GZ[t] .

Observe, that this conjecture holds when G is a free non-abelian group [9, 10].

Finitely generated subgroups of GZ! we call G-constructible groups.

Notice, the group GZ is a union of an ascending chain of extensions of
centralizers of the group G (see [17]), so every G-constructible group H is also
a subgroup of a finite chain of extensions of centralizers of G. Therefore, H is a
subgroup of the fundamental group of a very particular graph of groups. Now,
Bass-Serre theory tells one that H is itself the fundamental group of an induced
graph of groups, hence (by induction) it can be obtained by free constructions
from subgroups of G and it can be shown that free constructions applied are in
fact elementary operations.

In fact, Bass-Serre theory gives one of many possible ways to obtain H
from subgroups of G by elementary operations (which are described by con-
struction trees, see Section 2). Every construction tree for H gives rise to the
corresponding Sub(G)-decomposition of H. Clearly, Sub(G)-decompositions of
H are closely related to very powerful JSJ-decompositions of H (see [19]) and
hierarchy theorems (see [7]). But in many cases it is much easier to construct
Z-splittings via construction trees, which are as robust as any other decompo-
sitions of H.

In this paper we show how one can refine a given construction tree for H
to obtain a particularly nice Sub(G)-decomposition of H. As an example, we
would like to mention the following result from Section 4.

Theorem 4 (p.16). Let G be a non-abelian CSA-group. Then any G-
constructible group H can be obtained from 7Z and finitely many subgroups of
G by finitely many operations of the following type: free products, extensions of
centralizers, free products with amalgamation along mazximal abelian subgroups
in both factors and separated HNN-extensions with maximal abelian associated
subgroups.

Moreover, in the case of finitely generated fully residually free groups their Z-
decompositions as above can be constructed effectively (Corollary 3 in Section
4).

In Section 5 we apply this technique to study cohomological [homological]
dimension cd(H) [hd(H)] of a fully residually free group H

Mayer-Vietoris sequences allow one to derive a very simple formula for cd(H)
in terms of the ranks of centralizers of H. Namely, the following result holds
(in fully residually free groups all centralizers are free abelian of finite rank, so
here rankc(G) is the maximal rank of centralizers of G):

Theorem 5 (p.19). Let G be a fully residually free group. Then
1) if rankc(G) > 2 then hd(GQ) = cd(G) = rankc(G),



2) if rankc(G) = 1 then hd(G) = ¢d(G) < 2 and hd(G) = cd(G) = 2 if and
only if G is not free.

Moreover, one can compute cd(G) effectively.

Theorem 8 (p.20). There exists an algorithm which for every finitely
generated fully residually free group G computes cd(G).

2 K-constructible groups

In this section we consider groups that can be obtained from a given collection of
groups by finitely many free products with amalgamation and HNN-extensions
of a very particular type.

The following constructions are called elementary operations:

1) a free product G * H of groups G and H;

2) a free product with amalgamation of groups G and H of the type
GraH=(GxH|a=a’ (a€A)),

where A is a maximal abelian subgroup in G and ¢ : A — H is an
embedding;

3) an HNN-extension of a group G (so-called separated HNN-extension)
(G,t]a =a®(a € A)),

where A is a maximal abelian subgroup of G, ¢ : A — G is a monomor-
phism such that g~ Ag N A? = 1 for every g € G;

4) a free extension of a centralizer of a group G, that is, the following free
product with amalgamation

G(u, A) = G *c) (C(u) x A),

where u € G,u # 1, C(u) is the centralizer of u in G, A is a free abelian
group of finite rank and the same elements from C(u) are identified.

Notice that we do not assume in 2) and 3) that A? is a maximal abelian
subgroup in the ambient group.

Definition 1 Let KC be a class of groups. By K¢ we denote the minimal class
of groups which contains all groups from K and is closed under elementary
operations and isomorphisms. Groups from K¢ are termed K-constructible.



If I is a class of all finitely generated free groups then [C-constructible groups
are called free constructible. Notice that every non-abelian finitely generated
group which is discriminated by free groups is free constructible [9]. Finitely
generated non-abelian groups which are universally equivalent to free groups
provide another type of examples of free constructible groups.

Recall that a group G is called a CSA-group if every maximal abelian sub-
group M of G is malnormal, that is, gMg~'NM = 1 for every g € G— M. It has
been proven in [8] that elementary operations 1)—4) preserve the CSA property.
Since free groups are CSA it follows that every free constructible group is CSA.

Operations 1)-3) preserve the hyperbolicity of groups ([10]), therefore a free
constructible group is hyperbolic if and only if all its centralizers of non-trivial
elements are cyclic.

Every K-constructible group G can be associated with a directed labelled bi-
nary tree T(G) (a construction tree) which reflects the particular way of build-
ing G from groups of K by elementary operations. Vertices of T(G) are K-
constructible groups, each vertex has at most two incoming edges and at most
one outgoing edge. Arrows and labels show how a given vertex group is con-
structed from the preceding group (in the case of an extension of a centralizer
or an HNN-extension) or two groups (in the case of free products with amal-
gamation). The group G is in the root of T(G) and leaves vertices are groups
from KC. We label edges as follows:

1. if H is obtained from P and @ by a free product, then we label each of
the edges (P, H) and (Q, H), directed into H, by the identity element 1;

2. if H is obtained from P and @ by a free product with amalgamation of
two abelian subgroups A = (a; | ¢ € I) and B = (b; | ¢ € I) under an
isomorphism ¢ : a; — b;, then we label the edge (P, H) by the indexed set
{a; | i € I} and the edge (Q,H) by {b; | i € I} (both edges are directed
towards H);

3. if H is obtained from the preceding group P as an HNN-extension, where
abelian groups A = (a; | ¢ € I) and B = (b; | i € I) are identified under
an isomorphism ¢ : a; — b;, then we label the edge (P, H) by an indexed
set of pairs {(a;,b;) | i € I'};

4. if H is obtained from the preceding group P as an extension of a centralizer
Cp(u) = (u4,9 € I) by a free abelian group A with a basis S = {a1,...,a,}
then the label of the edge (P, H), directed from P to H, is the pair (U, S).

Observe that knowing leaves groups and labels of all edges, one can write down
particular presentations of all vertex groups, including G. Such presentation of
a group G is called the presentation of G related to the tree T'(G).

Notice, that a K-constructible group G can be obtained from groups of I by
many different sequences of elementary operations, so G may have different trees
T(G) and, therefore, different related presentations. Let 7 be the class of all
construction trees for G. If T(G) is a construction tree for G then by x(T(G))



we denote the number of vertices in T'(G) which are not leaves. Clearly, x(T(G))
is the number of elementary operations needed to build G according to T(G).
The following number is called the complezity of G

X(G) = min{x(T(G)) | T(G) € T}

Thus, one needs at least x(G) elementary operations to produce G. We call
T(G) minimal if x(T(G)) = x(G). In the case of a finitely generated group G
which is discriminated by free groups we consider only trees T'(G) in which one
uses only operations 1)-4). In this event, the minimal trees are defined in a
similar way.

Lemma 1 Let G be a free constructible group. Then:
1) each proper centralizer of G is a free abelian group of finite rank;
2) Spec(G) = {rank(Cqz(9)) | 1 # g € G} is finite.

Proof. Let G be a free constructible group. It has been noticed above that
elementary operations preserve the CSA property, hence G is a CSA-group and
all its centralizers are maximal abelian. On the other hand, since a free group is
torsion-free, by the facts on torsion in free products, amalgamated free products
and HNN-extensions (see [16],[15]) it follows that G is torsion-free and hence all
its centralizers are free abelian.

Now we proceed by the induction on x(G). Let T(G) be a construction tree
for G such that x(T(G)) = x(G).

If x(T'(G)) =0 then G is a free group and the result is trivially true in this
case.

Suppose the lemma holds for x(T'(G)) < n and we assume x(T(G)) =n > 0.
By definition it means that G is obtained from some free constructible groups
by operations 1)—4) described above.

a) G = G1 x G5 and the lemma holds for both G; and Gs.

By Corollary 4.1.6 [16], two elements of G commute either if they belong to
the same conjugate of G; or G, or if they are both powers of the same element.

Let g € G. If all elements of Cg(g) are powers of some element h then
Ca(g) =~ Z and

rank(Cg(g)) < 'rgzlmg{max{Spec(Gl)},maX{Spec(Gg)}}.
Now, suppose there exist g1,g92 € Cg(g), which are not powers of the same

element. Hence, we can assume g1, g2 € Gf,h € G and we have Cy(g) < G% is
a free abelian of finite rank and

rank(Cq(g)) < max{Spec(G1)}.

Thus, both statements of the lemma hold for G.

b) G = G x4 G2, where A is a maximal abelian subgroup in G1, and the
lemma holds for both G and Gs.



Let g € G. We use the characterization of commuting elements in amalga-
mated free products given in Theorem 4.5 [16].
If g € A" for some h € G then Cg(g) = A". Indeed, let f € Cg(g). Then

we have

g(fif2--- fia) = (fifz- - fia)g,

where fif2--- fia is a normal form for h=!fh, that is, f;,7 € [1,{] are non-
trivial representatives of the left cosets of G;,7 = 1,2 by A, no two adjacent
ones belong to the same factor and a € A. Without loss of generality we can
assume f1 € G and we have gf; = fia1,a1 € A. Hence, fflgfl € A. Since
A is maximal abelian and G is CSA, it follows that f; € A - a contradiction.
Hence, Cg(g) ~ Z* for some natural k and

rank(Cg(g)) < lrr_j??é{max{Spec(Gl)}, max{Spec(G2)}}.

Suppose there exists h € G such that f € Cg(g) — A" belongs to a conjugate
of a factor. If f € G} then Cg(g) < G% and since A" is a maximal abelian
subgroup of G% then Cg(g) = A" ~ Z* k € N. If f € G% then C(g) < G} and
the induction step applies. In both cases we have

rank(Cq(g)) < g?é{max{Spec(Gl)}, max{Spec(G2)}}.

Finally, we can assume that no element of Cg(g) belongs to a conjugate of
a factor. In this case any f € Cg(g) can be represented as a product f =
hash=' - wks, where h,w € G,a; € A,ky € N and [hayh™!,w] = 1. Suppose
there exists f € C(g) such that ay # 1. Then [af, h~'wh] = 1 and we have

afp(wiws - - wpa) = (wiws - - - wpa)ay,

where wiws - - - wpa is a normal form for h~lwh, that is, wj,j € [1,p] are non-
trivial representatives of the left cosets of G;,7 = 1,2 by A, no two adjacent ones
belong to the same factor and a € A. Without loss of generality we can assume
wy € G1 and we have apw; = wiar,a; € A. Hence, wl_lafwl € A. Since, A is
maximal abelian and Gy is CSA, it follows that wy € A - a contradiction. Thus,
Cea(g) = (w) ~ Z and

rank(Cq(g)) < Z_rgfimfé{max{Spec(Gl)}, max{Spec(G2)}}.

c) G = H(u,A) = H *¢(y,) (C(u) x A), where A is a free abelian group of
finite rank and the lemma holds for H.

The same argument as in b).

d) G = (H,t|a®=a? (a € A)), where A is a maximal abelian subgroup of
H, ¢ : A — G is a monomorphism such that ¢g~'Ag N A® = 1 for every g € G
and the lemma holds for H.

Observe that A = maly(A) and B < By = maly(B), where B; is maximal
abelian subgroup of H. Also, since G is CSA then centralizers of G are exactly



maximal abelian subgroups of G. By Lemma 2 [8] it follows that any centralizer
of G either is a conjugate of By, or belongs to a conjugate of H, or is cyclic. In
all these cases the statement of the lemma is straightforward.

O

3 Subgroups of K-constructible CSA-groups

In this section we consider subgroups of I-constructible CSA-groups. It turns
out that these subgroups can be constructed from subgroups of groups from X
and an infinite cyclic group Z by elementary operations 1)—4). In particular,
if the class K consists of CSA-groups, contains Z, and is closed under taking
subgroups then subgroups of K-constructible CSA-groups are KC-constructible.
This is a corollary of Bass-Serre theory and the results of [8].

We begin with a discussion of a particular type of IC-constructible groups
which are fundamental groups of graphs of groups.

A graph X consists of a set of vertices V(X), a set of edges F(X) (here
V(X)NE(X) =0) and three maps

c:BE(X)—->V(X), 7: E(X)—->V(X), ~:EX)— E(X),
which satisfy the following conditions:
o(e)=r7(e), 7(€) =oc(e), e=e, €Fe.

Recall, that a graph of groups (G, X) consists of a connected graph X and
an assignment G, € G to every x € V(X)UE(X), such that for every e € E(X),
Ge = Gg, and there exists a boundary monomorphism i, : Ge — Gg(e)-

Let (G, X) be a graph of groups and T be a maximal subtree of X. Recall
that the fundamental group 7(G,X,T) of a graph of groups (G, X,T) is the
group with the following presentation:

(Gy (v e V(X)) te (e € E(X)) | rel(Gy), teie(g)tgl =1ie(g) (9 € Ge),

tete=1, te=1 (e € T)).

The fundamental group 7(G, X,T) can be obtained from vertex groups by
a sequence (in general, infinite) of free products with amalgamation and HNN-
extensions. To show this we need the following definition. Let T' = (G, X, T) be
a graph of groups and Z C X be a connected subgraph of X such that ZN7T
is a maximal subtree of Z. Denote by 'y = (G|z,Z,Z NT) the subgraph of
groups which rises from Z (the group assignment G|z is the restriction of G to
7). The identical maps

Gy, — Gy, te = te, (VEV(Z),ec E(2))
extend to the canonical monomorphism

¢ :m(lz) — m(T).



The collapse of the graph of groups I' along the subgraph Z is the graph of groups
I'/Z which is defined as follows. We replace the subgraph Z by a new point z in
X, that is, for each edge e € X —Z with an endpoint v in Z we replace v by z and
assign to the vertex z the group G, = w(I'z). Finally, we define the boundary
monomorphism from G, into G, equal to the old boundary monomorphism
G. — G, (this is possible since G, is a subgroup of G, under the canonical
embedding). Notice that 7(I'/Z) = #(['). The operation which is inverse of a
collapse is called a refinement of the vertex z by the graph I'z. So, collapses
and refinements do not change the fundamental group (up to isomorphism). It
follows that the fundamental group G = 7(I") is isomorphic to the fundamental
group m(I'/T') (collapse along the maximal subtree T') which has only one vertex.
So, G can be obtained from 7(I'/T) by a sequence of HNN-extensions. Observe,
that the vertex group of the graph of groups I'/T is isomorphic to w(I'r) which
can be obtained from vertex groups associated with T' by a sequence of free
products with amalgamation. Now it is clear how to construct a tree T'(G) for
the fundamental group G starting with a graph of groups (G, X, T).

Our description of subgroups of K-constructible CSA-groups is based on the
Bass-Serre technique. We consider here in detail only the case of free products
with amalgamation. The case of HNN-extensions can be treated similarly.

Let

G=A XU B

be a free product of groups A and B with amalgamation along an abelian
subgroup U. Observe, that G is isomorphic to the fundamental group of the
graph of groups

A% B (1)

By the standard procedure (see for example [6]) one can construct a directed
tree X on which G acts without inversions in such a way that the quotient graph
X /G is isomorphic to the initial graph of groups (1) for G. In our case the tree
X is the following: V(X) consists of all cosets gA and gB (g € G); E(X)
consists of all cosets gU (g € G), the maps ¢ and 7 defined by

a(gU) = gA, 7(gU) = gB.

Now we can convert the directed graph X into non-oriented graph, adding, as
usual, inverse edges and the involution ¢ — € (e € E(X)). Notice, that due
to the chosen orientation an edge gU goes from gA to gB. It is easy to check
that X is a tree and G acts on X without inversions by the left multiplication.
Hence the subgroup H also acts on X without inversions. Let Y = X/H and
T be a maximal subtree of Y. Following Bass-Serre theory we define a graph of
groups (G,Y,T) with the fundamental group isomorphic to H.

Denote by p : X — X/H = Y the canonical projection of X onto its
quotient, so p(v) = Hv and p(e) = He. There exists an injective morphism of
graphs j : T — X such that pj = idr (see, for example [6]), in particular jT
is a subtree of X. One can extend j to a map (which we again denote by j)
j Y — X such that j maps vertices into vertices, edges into edges, and such



that pj = idy. Notice, that in general j is not a graph morphism. To this end
choose an orientation O of the graph Y. Let e € O —T. Then there exists
an edge €/ € X such that p(e’) = e. Clearly, o(¢’) and jo(e) are in the same
H-orbit. Hence ho(e') = jo(e) for some h € H. Define je = he’ and je = je.
Notice that vertices jr(e) and 7(je) are in the same H-orbit. Hence there exists
an element v, € H such that v.7(je) = j7(e).

Now we are in the position to define a graph of groups (G,Y,T). Put

G, = Stabg (jv), G. = Stabg(je),

and define boundary monomorphisms as inclusion maps G, < G for edges
e € TUO and as conjugations by vz for edges e ¢ T'U O, that is,

io(g) = g, ifee TUO,
\9) = Yegvs Y, ifed TUO.

According to the Bass-Serre structure theorem we have H ~ 7(G,Y,T). Ob-
serve, that

Stabp(gA) = HNgAg™", Staby(gB) = HNgBg™ ', Staby(gU) = HNgUg .

So H can be obtained (up to isomorphism) from an infinite cyclic group Z and
subgroups of A and B by free products, free products with amalgamation and
HNN-extensions in which amalgamated and associated subgroups are abelian.

Similar argument provides the following result for HNN-extensions. Let G
be an HNN-extension of a group G with associated abelian subgroups A and
B. Then a subgroup H of G can be obtained (up to isomorphism) from Z
and subgroups of Gy by free products, free products with amalgamation and
HNN-extensions in which amalgamated and associated subgroups are abelian.

Based on these results, we prove the following theorem. For a class of groups
K denote by Sub(K) the class of all subgroups of groups from K.

Theorem 1 Let K be a class of groups such that Sub(K) = K and Z € K.
Then every finitely generated subgroup H of a CSA K-constructible group G is
IC-constructible.

Proof. Let G be a CSA K-constructible group and H be a subgroup of G. We
prove the theorem by induction on x(G). If x(G) = 0 then G € K and we
have nothing to prove. In all other cases G is obtained from KC-constructible
groups of lesser complexity by one of the elementary operations 1)-4). By the
discussion preceding the theorem we can assume that H is obtained from Z and
subgroups of some K-constructible groups by free products with amalgamation
and HNN-extensions with abelian amalgamated and associated subgroups. By
induction these subgroups are IC-constructible. Indeed, they are subgroups of
KC-constructible groups of lesser complexity and every subgroup of a CSA-group
is a CSA-group. Notice, that among free products with amalgamation and
HNN-extensions in which amalgamated and associated subgroups are abelian
only elementary operations 1)—4) preserve the CSA property by Theorems 4



and 6 in [8]. Hence H is constructed from /C-constructible groups by operations
1)-4), therefore H is KC-constructible, as desired.
O
Since elementary operations 1)—4) preserve the CSA property, the following
result follows directly from Theorem 1.

Corollary 1 Let K be a class of CSA-groups such that Sub(K) =K andZ € K.
Then Sub(K¢) = K¢. In particular, subgroups of free constructible groups are free
constructible.

4 Subgroups of extensions of centralizers of
CSA-groups

In this section we consider finitely generated subgroups of extensions of cen-
tralizers of CSA-groups. If the CSA-group G is fixed then we call them G-
constructible groups.

These subgroups play a key role in the study of fully residually free groups.
Indeed, it has been proven in [9] that every finitely generated fully residually
free group is a subgroup of a group obtained from a free group by finitely many
extensions of centralizers.

Now let A be a CSA-group, U = C4(u) be the centralizer of a non-trivial
element ©w € A, and B = U x C be a direct product of U and a torsion-free
abelian group C. Notice that proper centralizers in CSA-groups are abelian, it
follows that U, and hence B, is an abelian group. Denote by

GZA*UB

the extension of the centralizer U by B. Let H be a subgroup of G. We avail
ourselves to the technique and notations developed in the previous sections.

As we have seen in the previous section the group H is the fundamental
group of the graph of groups n(G,Y,T). Notice, that the vertex groups and the
edge group corresponding to an edge e of the type gA — ¢gB are

HnNgAg~', HNngBg™', HngUg™ .

Let e € O. Then je = gU for some g € G. If G, = HNgUg™ ! = 1 then we
have a free product of vertex groups.

If e € T then o(je) = gA,7(je) = gB, and boundary monomorphisms for
e and € are inclusions. Obviously, i.(Ge) is maximal abelian in G, (. (at least
one of the subgroups must be maximal abelian). On the other hand, the image
iz(Ge) = HNgUg™ ! is a direct factor in the group G,y = HNgBg~'. Indeed,
it suffices to show that H N gUg~ " is a pure subgroup of H N gBg~!, that is,
the quotient

HNgBg 'JHNgUg™*

10



is torsion free. Let h € HNgBg~! then h = gucg™!, where u € U, c € C (recall
that B=U x O). If k™ € gUg™ !, then ¢™ = 1 and hence ¢ = 1, consequently,
he HNngUg™*.

Now suppose, e ¢ T. Then jo(e) = gA and j7(e) = ~v.gB. As before
the boundary monomorphism i, of G. = Stabg (je) into G,y = Staby (jo(e))
is an inclusion. But the boundary monomorphism iz of G, into the group
Gr(ey = Stabp (j7(e)) = H N~v.gBg~'7; " is the conjugation by ~.. Hence, we
have

ie(Ge) = 7eGere ' = (HNgUg )y,

Since v, € H we have
ie(Ge) = HNyegUg ™ 'yo ' < HNyegBg ™'y,

Denote y = g~ 'y 1. So the image of G, in G () under the boundary monomor-
phism i is equal to H N UY. As we saw before in this event H N UY is a direct
factor of H N BY = G (¢).

The discussion above shows that the following result holds.

Lemma 2 Let G = Axy B be an extension of a centralizer U of a CSA-group A
by an abelian group B = U x C, where C is torsion free. Suppose a subgroup H
of G is the fundamental group of the graph of groups (G,Y,T) described above.
Then for each e € E(Y) the edge group G, is either trivial or a mazimal abelian
subgroup of Gy(c), and the image of Ge under the boundary map iz is a direct
summand of the abelian group G ().

Lemma 3 Let G = Axy B be a extension of a centralizer U of a CSA-group A
by an abelian group B = U xC', where C' is torsion free. Then for every mazximal
abelian subgroup K of A there exists the unique mazximal abelian subgroup M of
G such that M = K x Cyy, where Cyy is either trivial or torsion-free abelian.

Proof. Let M be the maximal abelian subgroup of G such that K < M. By
Lemma 2 [17] we have the following cases.

1. M < A9 ged.

Hence, K < AN A9 and g = g1 b1 g2 gn bn Gn+1 is the normal form of g,
where g; € A, i € [1,n+ 1], b; € B, i € [1,n]. Now, for any f € K we have

(91 b1 92+ Gn b gny1) f (gﬁil byl gyt bt g €A

It follows that either ¢ = g1 € A and we are done because K < M < A and
K = M since K is maximal in A, or g,4+1 f ggil € U. In the latter case
K < U9+ < A and since U9+ is abelian then K = U9"+!. Now, observe that

BIn+1 — [JIn+1 % (9n+1

and C9+1 is torsion free. Finally, B9"+! is a maximal abelian subgroup of G if
and only if B is, hence the proof follows from the Claim below.
Claim. B is a maximal abelian subgroup of G.

11



Let B < By < G, where B is abelian. Hence, there exists b € B1 — B and we
have the normal form b = w; ws - - - wi41, where w;, @ € [1, k] are representatives
of the left cosets of A and B by U such that w;, w1, ¢ € [1,k — 1] do not
belong to the same factor while w1 is any element of A or B. Without loss
of generality we can assume w; € A — U. Since commutation is transitive in G
then [b,u] =1 for any 1 # w € U. Thus, wy ws - - (wgy1w) is the normal form
for bu and

u (wy wo - Wey1) = Wy Wy - (Weg1u).

It follows that v wy = wy w1, up € U and wfl u wy € U which is possible only
when wy € B - contradiction.

2. M <BY, geG.

Hence M = BY because M is maximal and K < ANBY. Let g =¢1 by g2 -~
n by gna1, hence for any f € K we have

(g1 01 92+ Gn bn gns1) f (gnis bn  gn--93 " b7 g7') € B.

Like in 1, it follows that either ¢ = g1 = gp41 € A or gny1 f g,j_l € U. In the
former case we have K9"+1 € AN B = U, hence, K = U9+! while in the latter
one we have K < U9+t < A and again K = U9+1. Now the proof follows from
Claim above like in 1.

3. M = (z), where z ¢ A9, BY for any g € G.

But then AN (z) # 1 which is impossible because of the assumption about
z. This completes the proof of the lemma.

O

Lemma 4 Let G = Axy B be an extension of a centralizer U of a CSA-group A
by an abelian group B = U x C, where C' is torsion free. Suppose a subgroup H
of G is the fundamental group of the graph of groups (G,Y,T) described above.
Then for each v € V(Y) the mazimal abelian subgroup K of the vertex group
G, is a direct summand of the unique mazimal abelian subgroup M of H.

Proof. Consider two cases.

1. Gy =HNgAg™' = HN A9 .

Since K is maximal in HNA9 ' then K = HﬂKfil, where K is a maximal
abelian subgroup of A. By Lemma 3 there exists the unique maximal abelian
subgroup M; of G such that M} = K; x Cy, where C} is either trivial or
torsion-free abelian. o

Let M be maximal abelian in H such that K = H N K{ < M. Since
commutation is transitive in G it follows that [h, fgfl] =1lforany he M, f €
K and then [h9, f] = 1. Hence, [hY, fi1] = 1 for any f; € M; and then h?9 € M,
for any h € M. Now, M < MY and M < H, thus M < HNM{  and since
M is maximal abelian in H then it follows that

M=HnM/ =Hn(K, xC) .

12



Observe that H N Kifl < HN (K x C’l)ff1 and it is left to check if
HN(K,xC)Y ') HNEK{

is torsion free. Take any z € H N (K X C’l)gfl. Then z = gz1209~ ' € H, where
-1
21 € Ky, 2 €Cy. If 2K € HNK{  then it follows that z§ = 1 because C; is

torsion free. Hence, z = gz1g~ ' € HN Klg_l.

Thus, K is a direct summand of M.

2. Go=HNgBg'=HNBI .

In this case G, is abelian and K = H N B9, Moreover, since BY ' is
maximal abelian in G then H N BY  is maximal abelian in H, so the result
follows immediately.

O

Let (G,Y,T) be a graph of groups for H so that H = «(G,Y,T) and let
e € E(Y). Observe that we have two cases.
1. Y — {e} is connected.
Then
ﬂ-(g7Ya T) = <H(6)’t€ | tglGete = Gg)ﬁ>7
where H(e) = n(G",Y',T"), Y =Y — {e}, T C T is the maximal subtree
of Y/, G’ is a restriction of G on Y’ and ¢, = iz o ¢, where ¢ is a canonical

embedding of G, (. into H(e). Hence, we say that H splits over e as an HNN-
extension.

2. Y — {e} is not connected.
Then
m(G,Y,T) = Hi(e) *c, Ha(e),
where H;(e) = n(G;,Y;,T;), i = 1,2, Y —{e} = Y1 UYs, T UTy, C T is the
maximal subtree of Y — {e} and G; is a restriction of G on Y;, i = 1,2. Hence,

we say that H splits over e as a free product with amalgamation. We can assume
that Goe) < Hi(e) and Gy < Ha(e)

Now, combining Lemma 2 with Lemma 4 we obtain the following result.

Lemma 5 Let G = A %y B be an extension of a centralizer U of a CSA-group
A by an abelian group B = U x C, where C is torsion free. Suppose a subgroup
H of G is the fundamental group of the graph of groups (G,Y,T) ande € E(Y).

1. If H splits over e as an HNN-extension and G, is not trivial then there
exist mazimal abelian subgroups My, Ms of H(e) such that

M; = G, x Dy, My = G% x Dy,

where Dy, Do are torsion free abelian and at least one of them is trivial.

13



2. If H splits over e as a free product with amalgamation and G is not trivial
then there exist mazimal abelian subgroups My < Hi(e), My < Hs(e) such
that

M1:Ge XDl, MQZGEXDQ,

where Dy, Do are torsion free abelian and at least one of them is trivial.

Proof. Let e € E(Y). Consider two cases.
1. H splits over e as an HNN-extension.
Then
W(Q,Y, T) = <H(e)ate | te_lGete = Gfe>a

where H(e) = n(G", Y, T), Y/ =Y — {e}, T C T is the maximal subtree
of Y/, G’ is a restriction of G on Y’ and ¢, = iz o ¢, where ¢ is a canonical
embedding of G (. into H (e).

By Lemma 2 G, is maximal in G (), while G% is a direct summand of Gre)
which is maximal abelian in H (so in H(e) too) since G,y = H NgBg~" for
some g € G. By Lemma 4 there exists the unique maximal abelian subgroup
My of H (so of H(e) too) such that My = G. x Dy, where D; is torsion free
abelian. On the other hand we set My = G () and then M = G% x Do, where
D; is torsion free abelian. Finally, since H is CSA then by Proposition 3 [8] it
follows that either D; or D5 is trivial.

2. H splits over e as a free product with amalgamation.

The same argument as above.

O

The following theorem is a direct corollary of Lemma 5.

Theorem 2 Let Axy B be an extension of a centralizer U of a non-abelian CSA-
group A by an abelian group B = U x C, where C is torsion-free. Then every
finitely generated subgroup H of G can be obtained from finitely many subgroups
of A and B by finitely many operations of the following types: free products, ex-
tensions of centralizers, free products with amalgamation along maximal abelian
subgroups in both factors and separated HNN-extensions with maximal abelian
associated subgroups.

Proof. Let H be a subgroup of G. Then H is a fundamental group of the graph
of groups (G,Y,T) described above. We prove by induction that the statement
of the lemma holds for the fundamental group of (G, Y’,T"), where Y’ is any
connected subgraph of Y and T” is the corresponding subtree of T'.

If |[E(Y)| = 0 then Y contains only one vertex and either H = H N A9 or
H = HnN BY for some g € G. In both cases H is canonically isomorphic to a
subgroup of either A or B.

We assume now that we have proved the required result for any connected
subgraph of Y’ with |E(Y")| < |E(Y)|.

Choose any edge e € E(Y) and consider Y/ =Y — {e}.

1. Y’ is connected.

14



Hence, H splits over e as an HNN-extension
W(g,Y, T) = <H(€),te | tglGete = GSE>7

where H(e) = n(G’,Y’,T") and by the induction hypothesis H(e) can be ob-
tained from finitely many subgroups of A and B by finitely many operations
described.

If G, is trivial then H = H(e) and we are done. Let G, # 1 then by Lemma
5 there exist maximal abelian subgroups M7, My of H(e) such that

M, =G, X D1, ]\4226;?e X Ds,

where D1, Dy are torsion free abelian and at least one of them is trivial. Without
loss of generality we can assume Ds; = 1. Below we use the operation which is
called a sliding of H(e) along M;. That is, if we set

H* = H(e)

*Gfe:tglGete (tglMlte)

which can be viewed as a centralizer extension of G then
H = (H* t, | teMyt;* = M?),

where Mf) = M; and ¢ is an identity map, that is, H is obtained from H* by
a separated HNN-extensions with maximal abelian associated subgroups.

2. Y’ is disconnected.
Hence, Y’ = Y;UY5 and H splits over e as a free product with amalgamation

’/T(g,Y—,T) = Hl(e) *Ge HQ(G),

where H;(e) = n(G;,Y;,T;), ¢« = 1,2 and by the induction hypothesis H;(e),
Hs(e) can be obtained from finitely many subgroups of A and B by finitely
many operations described.

If G. is trivial then H is a free product Hy(e) * Hz(e) and we are done.
Let G, # 1 then by Lemma 5 there exist maximal abelian subgroups M; <
Hy(e), My < Hs(e) such that

MlzGeXDl, MQZGeXDQ,

where D1, D5 are torsion free abelian and at least one of them is trivial. Without
loss of generality we can assume D; = 1. Below we use the operation which is
called a sliding of H along M. That is, if we set H* = H;(e) *¢, M2 which can
be viewed as a centralizer extension of G, then H = H* %), Ha(e), where Mo
is maximal in both Hs(e) and H*.
O
One can generalize the theorem above in the following way.

Theorem 3 Let A be a non-abelian CSA-group and let a group G be obtained
from A by finitely many successive free extensions of centralizers. Then every
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finitely generated subgroup H of G can be obtained from finitely many subgroups
of A and B by finitely many operations of the following type: free products, ex-
tensions of centralizers, free products with amalgamation along maximal abelian
subgroups in both factors and separated HNN-extensions with maximal abelian
associated subgroups.

Proof. If G is an extension of a single centralizer of A, then the result follows
from Theorem 2. In the case of several extensions we proceed by induction
in the following way. Let G be obtained from A by n consecutive centralizer
extensions. Then we have the following chain of groups

A=Gy <G <--- <G, =G,

where G;41 is obtained from G; by a single centralizer extension. Without loss
of generality we can assume n to be the minimal natural number such that
H < G, otherwise the result follows by the induction hypothesis.

Since G is obtained from G,,_; by a centralizer extension and G,,_1 is a CSA-
group then by Theorem 2 it follows that H is isomorphic to the fundamental
group of a graph of groups (G,Y,T), in which every vertex group is either
a subgroup of G,,_; or a free abelian group of a finite rank and every edge
represents either a free product, or a free product with amalgamation along a
maximal abelian subgroup, or a separated HNN-extension with an association
along a maximal abelian subgroup or an extension of a centralizer. Since H is
finitely generated, then all vertex groups of (G,Y,T) are finitely generated and
the induction hypothesis holds for them, which completes the proof.

O

Theorem 3 can be reformulated for G-constructible groups as follows.

Theorem 4 Let G be a non-abelian CSA-group. Then any G-constructible
group H can be obtained from Z and finitely many subgroups of G by finitely
many operations of the following type: free products, extensions of centralizers,
free products with amalgamation along mazimal abelian subgroups in both factors
and separated HNN-extensions with maximal abelian associated subgroups.

Observe that if G is a CSA-group with cyclic centralizers (for example, a
torsion-free hyperbolic group) then free products with amalgamation and HNN-
extensions in Theorem 3 are taken along cyclic subgroups. Namely, the following
corollary holds.

Corollary 2 Let G be a non-abelian CSA-group with cyclic centralizers. Then
any G-constructible group H can be obtained from Z and finitely many subgroups
of G by finitely many operations of the following type: free products, extensions
of centralizers, free products with amalgamation along mazimal cyclic subgroups
in both factors and separated HNN-extensions with maximal cyclic associated
subgroups.

Notice, that if T' is a finite graph of groups and G = «(I") then G can be
presented by a finite directed graph T'(G) (see Section 1) which corresponds to
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a sequence of collapses of all edges of T (in some particular order). In this event,
X(T(G)) is equal to the number of edges in T'.

This observation makes it possible, given a splitting of G as a graph of
groups, to find a construction tree for G effectively. Moreover, in the case of fully
residually free groups such a splitting can be found effectively and one can talk
about effectiveness of the overall procedure. Indeed, in algebraic geometry over
a free group fully residually free groups arise as coordinate groups of irreducible
algebraic sets, hence the initial object from which one obtains G is a system
of equations S over a free group F', which can be assumed to have a solution
and can be given effectively. In [11] Kharlampovich and Myasnikov give an
algorithm which effectively finds finitely many irreducible systems Si,..., Sk
(their union is equivalent to S), computes radicals of these systems and G arises
as a coordinate group of an algebraic set of S;, for some ig € [1,k]. Finally, the
algorithm computes a corresponding finite presentation of G and a Z-splitting
of G as a graph of groups. Hence the following result follows immediately.

Corollary 3 Let G be a finitely generated fully residually free group. Then one
can effectively find a construction tree T(G) of G.

5 Homological and cohomological dimensions of
fully residually free groups

Let G be a group and R a commutative ring with unit element 1 # 0. Define
hdr(G) = inf{n | R as an RG—module admits a flat resolution of length n},

cdr(G) = inf{n | R as an RG—module admits a projective resolution of
length n}.

hdr(G) (cdr(@)) is called the homology (cohomology) dimension of G over R.
Observe that hdr(G) (cdr(G)) can be equal oco.

Our main tool for computing homological and cohomological dimensions of
a group G, denoted hd(G) and cd(G) respectively is the following result.

Proposition 1 (Proposition 6.1 and Proposition 6.12 [3])

1) Let G = Gy xs G2 be a free product with amalgamated subgroup S and let
n = max{cdr(G1),cdr(G2)} and m = max{hdr(G1), hdr(G2)}. Then

n <cdr(G) <n+1, m < hdr(G) <m+1.

Moreover, cdr(G) = n+ 1 implies cdr(G1) = ¢cdr(G2) = cdr(S) =n and
hdr(G) = m+ 1 implies hdr(G1) = hdr(G2) = hdr(S) = m.

2) Let G = G*xg,, be an HNN-extension of G* with associated cyclic sub-
groups S and T, and stable letter p. If n = cdr(G*) and m = hdr(G*)
then

n <cdr(G) <n+1, m < hdr(G) <m+1.
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Moreover, cdr(G) = n + 1 implies cdr(G*) = c¢dg(S) =n and hdg(G) =
m+ 1 implies hdr(G*) = hdr(S) = m.

Here are some general results about homological and cohomological dimen-
sions of a group.

Proposition 2 [3] Let G be a group and R a commutative ring with unit ele-
ment 1 # 0. Then

1. hdr(G) < cdr(G);
2. if H < G then hdp(H) < hdp(G), cdr(H) < cdr(G).

Now we restrict ourselves to some special class of groups known as groups
of type FP. The following definitions can be found in the book [3].

Let G be a group, R a commutative ring with unit element 1 # 0 and A an
RG-module.

A projective resolution P —— A is said to be finitely generated if the RG-
modules P; are finitely generated in each dimension ¢ > 0. A is said to be of
type F' P, if there is a projective resolution P —— A with P; finitely generated
for all 4 < n. If the modules P; are finitely generated for all ¢ then we say that
A is of type FP.

G is said to be of type F'P, over R, n = oo or an integer > 0, if the trivial
G-module R is of type F'P, as an RG-module. If G is of type F P, over Z then
we merely say that G is of type F P,

A group G is of type FP if Z admits a finite projective resolution over ZG.

From now on we assume R = ZG and respectively use the notation
hdzc(G) = hd(G), cdza(G) = cd(G).
Proposition 3 [4] A group G is of the type FP if and only if
1. cd(G) < o0;
2. G is of type F Py.

It turns out that groups of type F'P possess many nice properties which
make it easier to study them.

Proposition 4 [3] If G is of type FP then cd(G) = hd(G).
From Propositions 1 and 4 one can obtain the following result.

Corollary 4 1) If G = G1 xs Ga, where S is an infinite cyclic, G1, Go are
of type F'P and max;—1 2{cd(G;)} > 2 then

cd(G) = hd(G) = max{cd(G;)}.

1=1,2
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2) If G = G*xg,, where S is an infinite cyclic, G* is of type FP and
cd(G*) > 2 then
hd(G) = cd(G) = cd(G™).

The following lemma makes it possible to use all the results above for fully
residually free groups.

Lemma 6 If K consists of CSA-groups of type F'P then any K-constructible
group is a CSA-group of type FP.

Proof. If G is K-constructible and K consists of CSA-groups then G is CSA
because elementary operations preserve this property. Finally, the fact that G
is of type F'P follows from Proposition 2.13 [3].

O

Corollary 5 If G is a fully residually free group then cd(G) = hd(G).
Let us denote rankc(G) = max{Spec(G)} (see Section 2).

Theorem 5 Let G be a fully residually free group. Then
1) if rankc(G) > 2 then hd(G) = cd(G) = rankc(G);

2) if rankc(G) = 1 then hd(G) = cd(G) < 2 and hd(G) = cd(G) = 2 if and
only if G is not free.

Proof. hd(G) = ¢d(@) follows from Corollary 5 since G is fully residually free.

Since a free group is CSA with cyclic centralizers then by Corollary 2 there
exists a construction tree T(G) for G such that the leaves groups of T(G) are
finitely generated free groups and G is built up using free products with amal-
gamation and HNN-extensions taken along cyclic subgroups. We prove by the
induction on the height of T'(G).

If x(T(G)) =1 then G is free and everything is proved. Suppose x(T(G)) >

2.

a) G = Gy xg Go, where S is infinite cyclic.

Observe that rankc(G) = max;—; 2{rankc(G;)} and the induction hypoth-
esis holds for G7 and Gs.

If max;—1 2{rankc(G;)} > 2 then we can assume rankc(G1) > rankc(Ga
and rankc(G1) > 2. Then by the induction hypothesis we have c¢d(G1) =
rankc(G1) > 2. Hence, max;—1 2{cd(G;)} > 2 and by Corollary 4

cd(G) = maé{cd(Gi)} > 2.

=1,
Now, if rankc(G2) = 1 then by induction ¢d(G2) < 2 and we have
cd(G) = maé{cd(Gi)} = @zlao;{rankc(Gi)}.

=1,
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Suppose max;=1 2{rankc(G;)} = 1. Then both G; and G2 are free and G is
a one relator group without torsion. It follows that either hd(G) = cd(G) = 2
(see [13]) or G is free so hd(G) = cd(G) =1 (see [21]).

b) G = G*xg, is an HNN-extension of G* with associated cyclic subgroups
S and T, and stable letter p.

The argument is similar to a).

O

It turns out that cohomological dimension of a fully residually free group G
can be computed effectively. From Theorem 5 it follows that for this purpose
it is enough to be able to compute effectively rankc(G) and decide if G is free.
The following results are crucial.

Theorem 6 [12] For any finitely generated fully residually free group G one
can find the set Spec(Q) effectively.

Theorem 7 [11] There exists an algorithm which for every finitely generated
fully residually free group G determines whether G is a free group or not.

Combining the above results with Theorem 5 one obtains the following result.

Theorem 8 There exists an algorithm which for every finitely generated fully
residually free group G computes cd(QG).

Proof. By Theorem 6 one can effectively find Spec(G), hence the number
rankc(G) = max{Spec(G)}. If rankc(G) > 2 then cd(G) = rankc(G). If
rankc(G) = 1 then by Theorem 5 to compute c¢d(G) it suffices to check whether
the group G is free or not. Now the result follows from Theorem 7.

U
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