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Regular Free Length Functions
on Lyndon’s Free Z[t]-group F*

Alexei G. Myasnikov, Vladimir N. Remeslennikov, and Denis E. Serbin

ABSTRACT. Let F' = F(X) be a free group with basis X and Z[t] be the ring
of integer polynomials in ¢. In this paper we represent elements of Lyndon’s
free Z[t]-group FZ! by infinite words defined as functions w : [1, fi,] — X+!
over closed intervals [1, fu] = {a € Z[t] | 1 < a < fw} in the additive group of
Z[t], viewed as an ordered abelian group. This naturally provides a regular free
Lyndon length function L : w — fu, on FZ! with values in Z[t]. It follows that
every finitely generated fully residually free group has a free length function
with values in a free abelian group Z™ of finite rank with the lexicographic
order. This technique allows one to solve various algorithmic problems for
FZIt] ysing the standard Nielsen cancellation argument for the length function

L: FZt — 7]t).
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1. Introduction

Let F = F(X) be a free non-abelian group with basis X and Z[t] be the ring
of integer polynomials in the variable ¢. In [27] Lyndon defined and studied a free
Z[t)-group FZ* which admits exponents in the ring Z[t]. The impetus for his study
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was to describe solutions sets of equations over F' by elements from FZ1!, viewed
as parametric words with parameters in Z[t]. Lyndon proved that one needs only
finitely many parametric words to describe solutions of one-variable equations over
F [29]. Further progress in this direction was made by Appel [1] and Lorents [26],
who gave the exact form of the required parametric words, see also [11] for an
alternative proof. It was shown later [2, 42] that solution sets of equations of more
than one variable, in general, cannot be described by a finite set of parametric
words.

Recently, a new wave of interest (see, for example, [5, 36, 14, 19, 20, 22]) in
Lyndon’s group FZ[ arose with respect to its relation to algebraic geometry over
groups and the Tarski problem. In [19, 20] Kharlampovich and Myasnikov proved
that the coordinate groups of irreducible algebraic sets over F' are precisely the
finitely generated subgroups of FZI. Tt follows, for example, that the solution set
of an irreducible system of equations over F' is equal to the Zariski closure of some
set of solutions given by a finite set of parametric words over F.

Another recent development related to FZ concerns fully residually free groups.
It was shown in [4] that finitely generated fully residually free groups are precisely
the coordinate groups of irreducible algebraic sets over F, so (by the result above)
these groups are embeddable into FZ[. On the other hand, in the original pa-
per [27] Lyndon proved that FZ[ (hence, every subgroup of it) is fully residually
free. This gives another characterization of finitely generated fully residually free
groups which allows one to study them by means of combinatorial group theory:
HNN-extensions and free products with amalgamation, Bass-Serre theory, JSJ-
decompositions.

In this paper we represent elements of the group FZ by infinite words in the
alphabet X*!. These words are functions of the type

w: (L, fo] = X*,

where f,, € Z[t] and [1, f,] = {g € Z[t] | 1 < g < fu} is a closed interval in Z[t] with
respect to the standard lexicographical order <. The function L : w — f,, gives
rise to a regular free Lyndon length function on FZ with values in the additive
group of Z[t], viewed as an abelian ordered group. This implies that every finitely
generated fully residually free group has a free length function with values in a free
abelian group Z" of finite rank with the lexicographic order.

Once the presentation of elements of FZ! by infinite words is established, a
host of problems about FZ! can be solved precisely in the same way as in the
standard free group F. To demonstrate this technique we show that the conjugacy
and the power problems are decidable in FZ[ in the same fashion as in F. Notice
that decidability of the conjugacy problem has been proven before by Liutikova in
[25], and also by Ribes and Zalesski in [43] using completely different methods.

Another interesting application of these results stems from the regularity of
the length function L (this means that if ¢(u,v) is the length of the common initial
segment of elements u and v then there exists an element ¢ of length ¢(u,v) such
that u = cuy, v = cvy for some uq, vy with ¢(uy,v1) = 0). The regularity condition is
crucial for Nielsen’s cancellation method, which is the base for Makanin’s technique
for solving equations over F' [32]. It turns out, that if G is a coordinate group of
an irreducible algebraic set over F' with a computable regular free Lyndon length
function G — Z™ then a Makanin’s type argument can be used for solving equations
over G (see [17, 22]). This plays an important role in proving the decidability of
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the elementary theories of free groups. Since the coordinate group G is a subgroup
of FZIU the restriction Lg of L onto G is a length function on G satisfying all the
required conditions, except, maybe, the regularity axiom. Using the machinery of
infinite words we were able to show that L¢ is regular for a wide class of subgroups
of FZMH,

Observe, that one can derive from the description of FZ as the union of
extensions of centralizers [36] and the results of Bass on non-archimedean actions
(3] that FZIY acts freely on a A-tree, where A is a free abelian group of countable
rank with the lexicographic order. This implies, that FZ indeed, has a free
Lyndon length function with values in Z[t], but the method does not provide any
information whether this length is regular, or computable.

Our method for constructing free length functions on groups is quite general
and can be applied to a wide class of groups. It is based on infinite A-words in an
alphabet X*, where A is an arbitrary discretely ordered abelian group. An A-word
is a function w : [1a, ] — XT, where 14 is the minimal positive element of
A and [14, ] is a closed segment in A. One can consider a set R(A, X) of all
reduced A-words w (w(a + 14) # w(a)™! for a € [14, ay]) which comes equipped
with the natural partial multiplication and length function w — «,,. For a given
group G every embedding of G into R(A, X) provides a “nice” length function
on G inherited from R(A, X). It turned out (quite unexpectedly) that Stalling’s
pregroups supply the most adequate technique to study R(A, X).

In [37] and [38] we have constructed a similar length function on FZ using
quite different methods (more direct and computationally heavy). We would like
also to mention preprint [7] which contains some preliminary results concerning
length functions on extensions of centralizers of free groups.

2. Preliminaries

2.1. Lyndon’s Z[t]-free group FZI!, Let A be an associative unitary ring.
Recall [36, 6] that a group G is termed an A-group if it comes equipped with a
function (exponentiation) G x A — G:

(9.a) — g°
satisfying the following conditions for arbitrary g,h € G and «, 5 € A:

(E1) g =g, ¢*"=g%", ¢ = (97"

(E2) g~'h%g = (97 "hg)™;

(E3) if g and h commute, then (gh)® = g*h*.

The axioms (E1) and (E2) were introduced originally by Lyndon in [27], the
axiom (E3) was added later in [35]. A homomorphism ¢ : G — H between two
A-groups is termed an A-homomorphism if ¢(g%) = ¢(g)® for every ¢ € G and
a € A. Tt is not hard to prove (see, [35] or [36]) that for every group G there exists
an A-group H (which is unique up to an A-isomorphism) and a homomorphism
i : G — H such that for every A-group K and every A-homomorphism 0 : G —
K, there exists a unique A-homomorphism ¢ : H — K such that ¢p = 6. We
denote H by G4 and call it the A-completion of G. In particular, there exists a
Z[t]-completion FZI! of a free group F. Tt was introduced by Lyndon in [27] who
used different methods, and is now called Lyndon’s free Z[t]-group.

In [36] an effective construction of FZ was given in terms of extensions of
centralizers. For a group G let S = {C; | i € I} be a set of representatives
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of conjugacy classes of proper cyclic centralizers in G, i.e., every proper cyclic
centralizer in G is conjugate to one from S, and no two centralizers from S are
conjugate. Then the HNN-extension

H:<G,Si7]‘ (ZGI,]GN) | [siyj,ui]:[siyj,siyk]:l(uiECi,iGI,j,kEN) >,

where N stands for the set of positive natural numbers, is termed an extension of
cyclic centralizers in G. Now the group FZ* is isomorphic to the direct limit of
the following infinite chain of groups:

(1) F:GO<G1<"'<Gn<"'<"',

where G;41 is obtained from G; by extension of all cyclic centralizers in G;. We
use this description of Lyndon’s free Z[t]-group below to embed FZ into the set
of infinite words CDR(Z[t], X).

2.2. Stallings’ pregroups and their universal groups. In papers [45, 46]
Stallings introduced a notion of a pregroup P and its universal group U(P). A
pregroup P provides a very economic way to describe some normal forms of elements
of U(P).

A pregroup P is a set P, with a distinguished element ¢, equipped with a
partial multiplication, that is a function D — P, (z,y) — xy, where D C P x P,
and an inversion, that is a function P — P, x — z~!, satisfying the following
axioms (below zy is defined if (x,y) € D):

(P1) for all uw € P ue and eu are defined and ue = eu = u;

(P2) for all w € P, w lu and vu~" are defined and u tu =wuu=! = ¢

(P3) for all u,v € P, if uv is defined, then so is v~tu™!, and (uv) ™! = v tu=1;
(P4) for all u,v,w € P, if uv and vw are defined, then (uv)w is defined if and

only if u(vw) is defined, in which case
(uwv)w = u(vw);

(P5) for all u,v,w,z € P if uwv,vw, and wz are all defined then either uvw or
vwz is defined.

It was noticed (see [16]) that (P3) follows from (P1), (P2), and (P4), hence, can
be omitted.

To describe the universal group U(P) recall that a mapping ¢ : P — @ of
pregroups is a morphism if for any x,y € P whenever zy is defined in P, ¢(x)p(y)
is defined in @ and equal to ¢(zy).

Now the group U(P) can be characterized by the following universal property:
there is a morphism of pregroups A : P — U(P), such that, for any morphism ¢ :
P — G of P into a group G, there is a unique group homomorphism ¢ : U(P) — G
for which ¢¥)A = ¢. This shows that U(P) is a group with a generating set P and a
set of relations zy = z, where x,y € P, zy is defined in P, and equal to z.

There exists an explicit construction of U(P) due to Stallings [46]. Namely,
a finite sequence (uq,...,u,) of elements from P is called a reduced P-sequence if
for any 1 < i < n — 1 the product w;u; 41 is not defined in P. The group U(P)
can be described as the set of equivalence classes on the set of all reduced P-
sequences modulo equivalence relation ~, where (ug,...,u,) ~ (v1,...,vy) if and
only if m = n and there exist elements aq, ...,a,—1 € P such that v; = ai:lluiai for
1 <4 < n (here ag = a, = 1). The multiplication on U(P) is given by concatenation
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of representatives and reduction of the resulting sequence. P embeds into U(P) via
the canonical map u — (u).

We use pregroups as a convenient language to describe various presentations of
groups by infinite words.

In Section 3.2 we prove that the set R(A, X) with the partial multiplication
* and the inversion ~! satisfies the axioms (P1) - (P4). In general, R(A, X) does
not satisfy (P5), but some subsets of it, which play an important part in our
constructions, do.

2.3. Ordered abelian groups. In this section some well-known results on
ordered abelian groups are collected. For proofs and details we refer to the books
[15] and [24].

DEFINITION 2.1. A set A equipped with addition 4+ and a partial order < is
called a partially ordered abelian group if:

(1) (A,+) is an abelian group;
(2) (A, <) is a partially ordered set;
(3) for all a,b,c€ A, a < bimpliesa+c < b+c.

If the partial ordering is a linear (total) ordering then A is called an ordered
abelian group
If A is an ordered abelian group then the set of all non-negative elements

At ={a€Ala>0}
forms a semigroup, such that AT N —A*T =0 and AT U—-A* = A. Conversely, if P
is a subsemigroup of A such that PU—P = A and PN —P = 0 then the relation
az2bsa—-beP

turns A into an ordered abelian group. We call P the positive cone of the ordered
abelian group A.
For an element a € A define a function sgn : A — {—1,0, 1} as follows:

1 if a >0,
sgn(a)=¢ 0 ifa=0,
-1 ifa<0.

An abelian group A is called orderable if there exists a linear order < on A,
satisfying the condition (3) above. In general, the ordering on A is not unique.

Observe, that every ordered abelian group is torsion-free, since if 0 < a € A then
0 < na for any positive integer n. It is easy to see that the reverse is also true, that
is, a torsion-free abelian group is orderable. Indeed, by the compactness theorem for
first-order logic, a group is orderable if and only if every finitely generated subgroup
of it is orderable. Hence, it suffices to show that finite direct sums of copies of the
infinite cyclic group Z are orderable. This is easy, one of the possible orderings is
the lexicographical order described below.

Let A and B be ordered abelian groups. Then the direct sum A® B is orderable
with respect to the right lexicographic order, defined as follows:

(al,bl) < (CLQ,bg) < by < by or by = by and aq < as.

Similarly, one can define the right lexicographic order on finite direct sums of
ordered abelian groups or even on infinite direct sums if the set of indices is linearly
ordered. Indeed, let I be a linearly ordered set of indices and A;,i € I, be a set
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of ordered abelian groups. Then the right lexicographic order on the direct sum
Ar = @,c; Ai is defined by the following condition: an element a = (a;)ie; € Af
is positive if and only if its greatest non-zero component is positive. It follows that
the right lexicographic order on A; extends the order on each group A;, viewed as
a subgroup under the canonical embedding.

For example, let (Z[t],+) be the additive group of the polynomial ring Z]t]
(below we use the notation Z[t] both for the ring of polynomials and its additive
group). Recall, that as a group Z[t] is an infinite direct sum

o0

zlt) = P

n=0

of copies of Z. Hence, Z[t] has the right lexicographic order induced by this direct
decomposition. From now on we fix this right lexicographic order on Z[t]. The
ordered abelian group Z[t] plays a key part in this paper.

Observe, that the construction above allows one to introduce a right lexico-
graphic order on any torsion-free abelian group A. Indeed, there exists an embed-
ding (by no means unique) of A into a divisible abelian group Ag = A ®z Q, where
Q is the additive group of rational numbers. Clearly, Ag is a direct sum of copies
of Q, Ag = @,c; Q. Since the set of indices I can be linearly ordered (assuming
the axiom of choice) the group Ag is orderable, as well as its subgroup A. The
induced order on A is also called lexicographic.

If A is already ordered then the right lexicographic order on Ag, in general,
does not extend the order on A. Now we introduce an order on Ag that extends
the existing order on A. Notice, that elements in Ag can be described as fractions
=, where a € A and m € Z,m > 0. Then the relation

a < E < ma < kb

k " m
gives rise to an order on Ag which extends the order on A under the embedding
a — §. We will refer to this order as a fraction order. Observe that Z[t]g is the
additive group of the polynomial ring Q[t] with the right lexicographic order.

For elements a, b of an ordered group A the closed segment [a,b] is defined by

[a,b] ={ce€ A]a<c<b}.

A subset C C A is called convez, if for every a,b € C the set C contains [a, b].
In particular, a subgroup B of A is convex if [0,b] C B for every positive b € B. In
this event, the quotient A/B is an ordered abelian group with respect to the order
induced from A.

A group A is called archimedean if it has no non-trivial proper convex sub-
groups. It is known that A is archimedean if and only if A can be embedded into
the ordered abelian group of real numbers R, or equivalently, for any 0 < a € A
and any b € A there exists an integer n such that na > b.

Obviously, if the set of indices I has at least two elements then the direct sum
Ay with the right lexicographic order is non-archimedean. On the other hand, if A is
an archimedean ordered abelian group then the fraction order on its Q-completion
Ag is also archimedean.

It is not hard to see that the set of convex subgroups of an ordered abelian
group A is linearly ordered by inclusion (see, for example, [15]), it is called the
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complete chain of convex subgroups in A. Notice that
E, ={f(t) € Z[t] | deg(f(t)) < n}
is a convex subgroup of Z[t] (here deg(f(t)) is the degree of f(¢)) and
O<Ey<PBEi<---<FE,<---

is the complete chain of convex subgroups of Z[t].
If A is finitely generated then the complete chain of convex subgroups of A:

0=Ag<A1<...<A,=A

is finite. The following result (see, for example, [10]) shows that this chain com-
pletely determines the order on A, as well as the structure of A. Namely, the groups
A;/A;_1 are archimedean (with respect to the induced order) and A is isomorphic
(as an ordered group) to the direct sum

(2) A1 D A/A DDA A

with the right lexicographic order.

An ordered abelian group A is called discretely ordered if AT has a minimal
non-trivial element (we denote it by 14). In this event, for any a € A the following
hold:

1) a4+ 14 =min{b| b > a},

2)a— 14 =max{b|b<a}.

For example, A = Z"™ with the right lexicographic order is descretely ordered
with 1z» = (1,0,...,0). The additive group of integer polynomials Z[t] is descretely
ordered with 1z;; = 1.

LEMMA 2.2. A finitely generated discretely ordered archimedean abelian group
is infinite cyclic.

ProOF. Let H = (ay,...,a,) be a finitely generated archimedean discretely
ordered abelian group and b = 1. We can assume that H < RT. Then a; =
m;b+ r;, where m; € Z,0 < r; < b, hence, r; = 0 and b generates H. O

It follows from Lemma 2.2 that a discrete abelian ordered group A has a mini-
mal nontrivial convex subgroup, namely, the infinite cyclic subgroup (1 4) generated
by 14. We denote this subgroup by Z and refer to its elements as finite elements
of A, and to elements from A — Z as to infinite or non-standard elements. In par-
ticular, if A = ZJ[t] then the constant polynomials are the only finite elements of
A.

Every convex subgroup of a discretely ordered abelian group A is also discretely
ordered (with respect to the induced order), but ordered images of A may not
be discrete. For example, if @ € R is irrational then the ordered subgroup H =
(a, 1g) < R (with the induced order) is finitely generated archimedean non-discrete,
hence, the group A = Z @& H with the right lexicographic order is discrete, and
H ~ A/Z is not.

We call an ordered abelian group A hereditary discrete if for any convex sub-
group E < A the quotient A/F is discrete with respect to the induced order. The
equality (2) and Lemma 2.2 imply

COROLLARY 2.3. Let A be a finitely generated hereditary discrete ordered abelian
group. Then A is isomorphic to the direct product of finitely many copies of Z with
the lexicographic order.
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2.4. Lyndon length functions. Let G be a group and A be an ordered
abelian group. Then a function [ : G — A is called a (Lyndon) length function on
G if the following conditions hold:

(L1) Yz e G: l(z) 20 and (1) = 0;

(L2) Vz e G: l(z) =1(z71);

(L3) Va,y,z € G: c(x,y) > c(x,2) — c(z, z) = c(y, 2),

where c(z,y) = (I(z) + (y) — l(z71y)).
In general c(z,y) ¢ A, but c¢(z,y) € Ag, so, in the axiom (L3) we view A as a
subgroup of Ag.

It is not difficult to derive the following two properties of Lyndon length func-
tions from the axioms (L1)-(L3):

e Va,yeG: l(zy) <l(x)+(y);

e Vu,yeG: 0<e(x,y) <min{l(z),l(y)}.
Below we list several extra axioms which describe some special classes of Lyndon
length functions.

(L4) Ve G: c(z,y) € A.

A length function [ : G — A is called free, if it satisfies

(L5) Ve e G: x#1—1(z?) > I(z).

A group G has a Lyndon length function [ : G — A, which satisfies axioms (L4)-
(L5) if and only if G acts freely on some A-tree. This is a remarkable result due
to Chiswell (see [9]). Lyndon himself proved that groups with free length functions
with values in Z are just subgroups of free groups with the induced length functions
[28]. A joint effort of several researchers culminated in a description of finitely
generated groups with real-valued free length function [34, 40, 8, 13] which is now
known as Rips’ theorem: a finitely generated group acts freely on an R-tree if and
only if it is a free product of free abelian groups and surface groups (with exception
of non-orientable groups of genus 1, 2, and 3). The case of non-archimedean free
length functions is wide open. In [3] Bass studied finitely generated groups acting
freely on a (A & Z)-tree with lexicographic order on A @ Z.

In Section 4 we define a subset CDR(A,X) C R(A,X) of all reduced infi-
nite words which admit cyclic decomposition and prove the following result: for a
discretely ordered abelian group A the function [ : CDR(A, X) — A, defined as
l(w) = |w|, satisfies all the axioms (L1)-(L5), whenever corresponding products of
elements in these axioms are defined. This implies that every group embeddable
into CDR(A, X) has a free length function with values in A. Moreover, in the
special case when A = Z[t], some subgroups of CDR(A, X), in particular, the free
Z|[t]-group FZI have free length functions which are easily computable and sat-
isfy the following extra axiom (L6). Below for elements z1,...,z, € G we write
x=x10-ox, ifx=a--2, and I(x) = (1) + -+ I(x,). Also, for a € A we
write £ = x1 04 X2 if © = 2129 and c(xfl,xg) < .

The length function [ : G — A is called regular if it satisfies the following
regularity axiom:

(L6) Va,y € G,Fu,z1,y1 € G :

r=uox; &y=uoy & l(u) =c(z,y).

The regularity condition is crucial for Nielsen’s cancellation method, which is the
base for Makanin’s technique for solving equations over F' [32].
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3. A-words

3.1. Definitions. Let A be a discretely ordered abelian group. Recall that 14
is the minimal positive element of A andifa,b € Athen[a,b] ={x € A]a < x < b}.
For a function f : B — C by dom(f) we denote the domain B of f.

Let X = {z; |i€ I} beaset. Put X ' ={z;'|icI}and X* = XUX"

As usual we define an involution ! on X* by (z)"! =21 and (z~1)7! = z.

DEFINITION 3.1. An A-word is a function of the type
w:[la, 0] — XF,
where o € A, > 0. The element « is called the length |w| of w.

By W(A, X) we denote the set of all A-words. Observe, that |w| = 0 if and
only if the domain of w is empty ([14,0] = @), i.e. the function w is empty. We
denote this function by €. Also, we say that an element w € W (A, X) has a finite
length if |w| € Z.

Concatenation wv of two words u,v € W(A, X) is an A-word of length |u| + |v|
and such that:

| u(a) if1a <a<|ul
(uv)(a) = { vla—[u)) if [u| < a < |ul + [

In particular, eu = ue = u for any u € W(A, X). For any A-word w we define an
inverse w™! as an A-word of the length |w| and such that

w(B) = w(lw|+ 14— B)"" (B € [La, |w]]).

An A-word w is reduced if w(B + 14) # w(B)~! for each 14 < B < |w|. We
denote by R(A, X) the set of all reduced A-words. Clearly, ¢ € R(A, X).

Of course, concatenation uv of two reduced words w,v may not be reduced.
We write u o v instead of uv in the case when uv is reduced, i.e. u(|ul) # v(14)7 L.
We will show below that this notation agrees with the one given in Section 2.4 via
length functions. Obviously, o satisfies the following cancellation conditions:

TOoOYy=x0z=—=Y=2, YOT =20 =—>Y=2%.

If w = wy o uowsy then w is called a subword of w.

3.2. Multiplication. In this subsection we introduce a (partial) multiplica-
tion on R(A, X) and show that it satisfies the axioms (P1)—(P4) of pregroups.

For u € W(A, X) and 8 € dom(u) by ug = u |3 we denote the restriction of u
on [1a,0]. If w is reduced and 8 € dom(u) then

U = ug o ug,

for some uniquely defined ug.
An element com(u,v) € R(A, X) is called the (longest) common initial segment
of A-words u and v if

u = com(u,v) o, v=com(u,v)od

for some (uniquely defined) A-words 4, such that @(14) # 9(14). Notice that,
there are words u,v € R(A, X) for which com(u, v) does not exist. In fact, com(u,v)
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exists if and only if the following element from A is defined:

0 if u(lA) 75’1)(1,4)
O(u,v) = ¢ sup{f0 |ug =vg} if it exists
undefined otherwise

In this case

com(u,v) = u |5(u,’u): v |6(u,v) .
Clearly, if the length of w is finite then é(u,v) and §(v,u) are defined for every
v € R(A, X).

DEFINITION 3.2. Let u,v € R(A, X). If com(u~!,v) is defined then

1 -1 -1

u " =com(u ,v)odu, v=com(u ,v)odD,

for some uniquely defined 4 and ¢. In this event put
uxv="0u""'od.
The product * is a partial binary operation on R(A, X).

EXAMPLE 3.3. Let A = Z? with the right lexicographic order (in this case
14 = (1,0)). Put

N if 6=1(s,0)and s>1
w(ﬁ)—{ ! if B=(s,1) and s <0

Then
w: [1a,(0,1)] = X*
is a reduced A-word. Clearly, w™?

2-torsion with respect to .

= w so w*w = €. In particular, R(A4, X) has

If u,v € R(Z[t], X) and u* v is defined, then we write sometimes u o, v instead
of u * v provided |com(u~1,v)| < a.
The main result of this section is the following theorem.

THEOREM 3.4. Let A be a discretely ordered abelian group and X be a set. Then
the set of reduced A-words R(A, X) with the partial binary operation  satisfies the
azioms (P1)—(P4) of a pregroup.

PROOF. The axioms (P1), (P2), and (P3) follow immediately from definitions.

Let u, v, w be reduced A-words such that the products u * v, v * w are defined.
Suppose that one of the products (u * v) * w,u * (v * w), say (u*v) * w, is defined
(the other case is similar). We need to show that the product u * (v * w) is also
defined and the equality

(3) (uxv)*xw=ux(v*w).

holds.
Since v * w is defined we have

(4) v=wvj0c, w:c_lowl, VKW = Uy *x W, = V1 O Ws

bw).

for some (perhaps, trivial) vy, w;,c € R(A, X), where ¢ = com(v™
Consider several cases.
Cl). uxv=uow.

a) Let v; # . In this case

(uxv)*xw = (uovyoc)*(c owy) =wuow ow.
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On the other hand,

1

uk(vxw)=ux* ((vioc)x(c  ows)) =ux(vyowy) =uowv; owy,

so it is defined and (3) holds.
b) Let v; = ¢. Then w = v~ o w; and in this case
(uxv)*w=(uov)* (v tow) =u*wi,

which is defined. On the other hand,

-1

ux (vrxw)=ux(vx (v owy)) =ux*w,

which is also defined and equal to (u *v) * w.
C2) u=0ov"1
In this case
(wxv)*xw=(v"'*v)xw=w.
On the other hand, in notations from (4), we have
us (vxw)=v s (vxw)=(covy ) * ((vioc)* (¢ owy)) =

=(ctovyY)x(vow) =c tow =w,

hence, it is defined and (3) holds.

Now we are ready to prove the general case.

C3) Let u = uq o uy Uand v = uy o vy for some (perhaps trivial) elements
uy,uz, vy € R(A,X). Then u v = uj o vy and the triple uj,ve, w satisfies all
conditions of C1) (observe, that vy * w is defined since v * w is defined). Hence,

(u*v)*w:(ul*vg)*wgul*(vg*w).

Finally,
-1 C1 ~1 C1
ux (Vxw) = (ugouy ) * ((ugowe) xw) = (ug ouy ) * (ug * (va xw)) =
up * (uz_l*(ug*(vg*w))) C;zul*(vg*w) = (u*v) *w,
as desired. O

A subset G < R(A, X) is called a subgroup of R(A,X) if G is a group with
respect to x. We say that a subset Y C R(A, X) generates a subgroup (Y) in
R(A, X) if the product y; * ... x y, is defined for any finite sequence of elements
Y1y -3 Yn € Yil.

EXAMPLE 3.5. Let A be a direct sum of copies of Z with the right lexicographic
order. Then the set of all elements of finite length in R(A, X) forms a subgroup
which is isomorphic to a free group with basis X.

3.3. Standard Exponentiation, roots, and conjugation. In this section
we study properties of the “standard exponentiation” (by integers) in R(A, X),
roots of elements, and conjugation.

Observe, that there are elements w € R(A, X) for which even the square w * w
is not defined. We have to exclude such elements from our considerations related
to exponentiation. Put

E,R(A,X) {w € R(A, X) | w” is defined for every k < n}
E.R(A,X) = ﬂEnR(A, X).
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Then the set EoR(A, X) is closed under the “standard” exponentiation by ele-
ments of Z. Notice, that ER(A, X) is precisely the set of elements from R(A, X)
for which the notion of order is defined. The following definitions provide some
tools to classify orders of elements from Eo R(A,X). An element v € R(A, X) is
termed cyclically reduced if v(1,4)~! # v(|v|). We say that an element v € R(A, X)
admits a cyclic decomposition if v = ¢! ow o ¢, where c,u € R(A, X) and u is
cyclically reduced. Observe that a cyclic decomposition is unique (whenever it ex-
ists). Denote by CR(A, X) the set of all cyclically reduced words in R(A, X) and
by CDR(A, X) the set of all words from R(A, X) which admit a cyclic decompo-
sition. Obviously, CDR(A, X) C ExR(A,X). Not all elements in F,,R(A, X)
admit cyclic decomposition, for instance, the element w of order 2 from Example
3.3 in Section 3.2 does not. We will show below that such elements are the only
elements in Fo R(A, X') which do not admit cyclic decomposition. Put

ThR(A,X)={we R(AX) |wxw=c¢e}.
Clearly, TyR(A, X) C ExR(A, X).

LEMMA 3.6. Let A be a discretely ordered abelian group and X be a set. Then:
1) ByR(A, X) = CDR(A, X) UTyR(A, X);
2) ExR(A, X) = E3R(A, X);
3) every element from CDR(A, X) has infinite order.

PROOF. Let v € EoR(A, X),v # . Then v = v; oc = ¢! owy for some
vy, v, ¢ € R(A, X) such that vy x vg = vy 0 vs.

If |va] > |c| then v = v30¢, 50 v = ¢ L owgoc and v3 x v3 = v3 0vz. In this
case vs is cyclically reduced and v € CDR(A, X).

If |va| < |c| then ¢ = ¢1 0 vg, therefore

U:U10010U2:U5100;10@2

which implies ¢; = cfl and hence, vxv =¢, i.e.,, v € ToR(A, X). Now 1) follows.
To see 2) observe that Foo R(A, X) C FaR(A, X) and, as we have mentioned
above, CDR(A, X)UT2R(A,X) C ExoR(A, X). Now 2) follows from 1).
Ifv = ctouocand e # u € CR(A, X), then v* = ¢~ toukoc and |[u¥| = k|u| > 0.
It follows that |[v*| > |u*| > 0, hence, v* # ¢. This proves 3), and the lemma. O

Since the set ToR(A, X) is not very interesting from the exponentiation view-
point, in what follows we bound our considerations to the set CDR(A, X).
Let v € CDR(A, X) we say that u € CDR(A, X) is a k-root of v if v = u*.

LEMMA 3.7. Let A be a discretely ordered abelian group, X be a set and let
v € CDR(A,X). Then

1) If for a given k, v has a k-root, then this k-root is unique.
2) If A = Z[t] then there are only finitely many numbers k € N such that v
has a k-root.

PRrROOF. Let v € CDR(A, X) and v = ¢ ! owoc be its cyclic decomposition. It
is easy to see that if v has a k-root u then u = ¢! ouy oc, where u; is a k-root of w.
The converse is also true, that is there exists a k-root of w which after conjugation
by ¢ becomes a k-root for v. Thus, without loss of generality we can assume v to
be cyclically reduced.
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1) Let k € N be fixed. Since any root u of v is an element of CDR(A, X),
which is the restriction of v on the segment [1 4, |v|/k], we have uniqueness of roots
automatically.

2) A necessary condition for the existence of a k-root for v is the divisibility of
|v| by k in Z][t].

Recall, that as a group Z[t] is the infinite direct sum

o0
zlt) = Pt)
i=0
of copies of Z. Hence, there exists n € N such that |v| belongs to the subgroup
En = @?:O<ti> 2 L.

Observe that E, is a direct summand of the additive group of Z[t], hence, E,
contains all roots of v. Since F,, is finitely generated, v has only finitely many roots
in E,,, and the result follows. O

Let u,v € CDR(A, X) we say that u is a conjugate of v if there exists ¢ €
R(A, X) such that the products ¢! x v, v * ¢, and (¢™! * v) * ¢ are defined and
u = c ' xv*c We say that u is a cyclic permutation of v if v = vy o vy and
u = v o vy for some elements v1, v € R(A, X) (observe that there can be infinitely
many different cyclic permutations of a given v).

LEMMA 3.8. Let A be a discretely ordered abelian group and X be a set. Then
the following hold:
1) if u € CDR(A,X),c € R(A,X) and v = ¢! x u * c is defined then
veCDR(A,X);
2) if u,v € R(A,X) are conjugate and cyclically reduced then |u| = |v].
Moreover, if g1 xux g = v for some g such that |g| < |u| then u is a
cyclic permutation of v.

PROOF. 1) Let v = ¢ louoc € CDR(A,X) and d € R(A, X). We assume
that d~! % v and v *d are both defined. Then c¢*d and so d~! ¢! are also defined
and

d ' s (clouoc)xd=(cxd) ™t xux(cxd).

In other words we can assume from the beginning that v is cyclically reduced. So,
assume ¢ = ¢ and v = u. Since v is cyclically reduced then either ' v =d ' ow
or v*d=wvod. Assume the latter.

a) v does not cancel completely in d=! * (v o d). Then v = vy ovy,d = vy 0 ds
and d ! (vod) = d1_1 o vy 0wy ody, where vy o vy is cyclically reduced as a cyclic
permutation of v.

b) v cancels completely in d~! % (v o d). Then d and v o d have common initial
segment w so that d = wody,vod =wod; and w = vods # . Thus we have
d=dsody,d=wvod;sods. It follows that |d;| > |da| and moreover ds is a terminal
segment of dy. Hence, d; = d4 o d and we have

dil*(’vod):dglodl:d510d40d2.

Since dy is cyclically reduced we obtained a cyclic decomposition of d=! * (v o d).
So, in both cases we showed that d~! * (vod) € CDR(A, X).
2) Suppose g~! x u x g = v for some g. Then either g—!
u* g = u o g because u is cyclically reduced. Assume the latter. Moreover, g~

xu =g louor

1
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cancels completely in g~! * (u o g) because v is cyclically reduced, so we have
o] =lg~" * (wo g)l = [ul +|g| — [g7"] = |ul.
If |g] < |u| then u = gowuy, but v =wuj 0g, so u is a cyclic permutation of v. O

4. A free Lyndon length function on CDR(A, X)
The main result of this section is the following theorem.

THEOREM 4.1. Let A be a discretely ordered abelian group and X be a set.
Then the function L : CDR(A,X) — A defined as L(w) = |w| satisfies all the
azioms (L1)—(L5) of a Lyndon length function whenever the corresponding products
of elements in these axioms are defined.

PRrROOF. Axioms (L1) and (L2) follow immediately from the definition of the
length |w| of an element from CDR(A, X). To prove (L3) recall the definition of
the function 6 (u,v) from Subsection 3.2

0 if u(lA) 75’1}(1A>
d(u,v) = ¢ max{f|ug =vg} if such § exists
undefined otherwise

By definition §(u,v) measures the length of the longest common initial segment of
u and v. It was shown that the product u~! x v is defined if and only if §(u,v) is
defined, in which case

B(u,0) = g (jul + Jol — Ju™ = o)) = e{u,0)

1 1 1

Now the axiom (L3) easily holds whenever the products ™ x v, ™t xw, v xw

are defined. Moreover, (L4) holds as well, since 6(u,v) € A, whenever defined.
The axiom (L5) follows from the existence of the cyclic decomposition. This

proves the theorem. O

COROLLARY 4.2. Let A be a discretely ordered abelian group and X be a set.
Then any subgroup G of CDR(A, X) has a free Lyndon length function with values
in A — the restriction L|g on G of the standard length function L on CDR(A, X).

5. Lyndon’s Exponentiation

In this section we describe a Z[t]-exponentiation on the set CDR(Z[t], X ). This
gives a very natural and concrete realization of Lyndon’s axiomatic approach to
exponentiation by polynomials with integer coefficients. Recall that we view Z[t] as
a discrete abelian group with respect to the lexicographic order described in Section
2.3. Observe that in this case 1z; = 1.

Our strategy here is to define first exponentiation on CR(Z[t], X) and then to
extend it to CDR(Z[t], X) via conjugation.

5.1. Exponentiation on CR(Z][t], X). Recall that as a group Z][t] is a count-

able direct sum
oo

zlt] = Pt
i=0
of copies of the infinite cyclic group Z with the right lexicographic order. Recall
that

En = {f(t) € Z[t] | deg(f(t)) < n},
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where n > 0, form the complete chain of convex subgroups of Z[t]. It is easy to see
that R(Z[t], X) is the union of the following chain

R(Ey,X) C R(E,,X)C---CR(E,,X)C---.
For an element w € R(E,, X) the length |w| is a polynomial g(¢) € Z[t]:
lw| = g(t) = ao + art + - - + a,t”,
where a,, > 0. In this event we say that w has height n and write h(w) = n. Clearly,
hw)=n<|w € E,—E,_1 < wée€ R(E,,X)— R(E,_1,X).
Now we define exponents v/ (*) for a given element v € CR(Z]t], X) and a polynomial

f(t) € Z[t] according to the following cases.
1) Let v € CR(Z]t], X) not be a proper power and

lv| =g(t) =ap+ -+ ant™, a, >0.

We define v' as an element of C'R(Z][t], X) of length |[vf| = g(¢)t, so, v* is
a function with the domain [1, g(¢)¢] and

g(t)t = apt + a1t® + -+ + ap_1t" + a,t"tt, @, > 0.
a) If a,, = 1 then set

Wt (B) = v(a), ifB=mgt)+a,meNm>0,1<a<g(t);
T v(a), ifB=g#)t—mgt)+a,meNm>0,1<a<gt).

We claim that this formula defines v¢(3) for any 8 € [1, g(¢)t]. Indeed,
observe that the formula above defines v*(3) for any 3 which belongs either
to some initial subsegment of [1, g(¢)t] of the form [1,mg(t)] where m > 0
or to some terminal subsegment of [1, g(¢)t] of the form [g(t)t—mg(t), g(t)t]
where m > 0.

Now, any € [1, g(t)t] is a polynomial 5 = r(t) = r1(t) + byt? € Z]t],
where b, > 0, deg(r1) < p, and either p <n+1lorp=n+1, b, =1,
r1(t) < 0. In the former case there exists m > 0 such that mg(t) > r(t),
so that [1,0] is an initial subsegment of [1,mg(¢)] and 8 € [1,mg(t)].
In the latter case there exists m > 0 such that g(t)t — mg(t) < r(¢),
so that [3,¢(t)t] is a terminal subsegment of [g(¢)t — mg(t), g(t)t] and
B € [g(t)t —mg(t), g(t)t].

b) If a,, > 1 then we present [1, g(¢)t] as the union of disjoint closed
segments

(aU [let" ™+ 1, (k + 1)t”+1]> U [(an — D" +1,9(2)t]

k=0

and define v? on these segments as follows.
For any k € [0,a, — 2] and 8 € [kt + 1, (k + 1)t""1] we set

“B) = v(a), if B=kt"t +mg(t) +a,m >0,1<a<g(t);
v T v(e), if B=(k+ D)t —mg(t) +a,m>0,1<a<gt).

and for B8 € [(a, — 1)t"T + 1, g(¢)t] we set
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gy @), i A= (an = D" +mg(t) +a,m > 0,1 < o< g(t);
vi(B) = v(a), i B=gt)t—mg(t)+a,m>0,1<a<g).

For any k € [0,a, — 2], the first formula above defines v*(3) for any
3 which belongs to some initial subsegment of [kt"*! + 1, (k + 1)t" 1] of
the form
[kt 1kt +mg(t)] where m > 0 or to some terminal subsegment of
[kt" Tt + 1, (k + 1)t of the form [(k + 1)t" Tt — mg(t), (k + 1)t"+1]
where m > 0. The second formula given above defines v'(3) for any
(3 which belongs to any initial subsegment of [(a,, — 1)t"!, g(t)t] of the
form [(a,, — 1)t"*Y, (a, — 1)t" ™! +mg(t)] where m > 0 or to any terminal
subsegment of [(a, — 1)t"*1, g(t)t] of the form [g(¢)t — mg(t), g(t)t] where
m > 0.

In the same way as in a) one can show that these formulas define
v!(B) for any 8 € [1,g(¢t)t].

2) If v € CR(Z[t], X) is such that v = u* for some u € CR(Z[t], X) then we
set vt = (ub)F.

Thus we have defined an exponent v’ for a given v € CR(Z][t], X).
Notice that it follows from the construction that |[vf| = g(¢)t = |v|t and v*
starts with v and ends with v. In particular, v* € CR(Z[t], X). It follows
that v! x v = v' o v = v o vt = v x vt hence, [vt,v] =e.

3) Now for v € CR(Z]t],X) we define exponents v'" by induction. Since
vt € CR(Z][t], X) one can repeat the construction from 1) and define
o = (vtk)t.
4) Now we define v/®), where f(t) € Z[t], by linearity, that is, if f(t) =
mo +mat + ...+ mit® then

of ) = 0 4 (1) k.« (vtk)m’“.

tm+

Observe that the product above is defined because v 'is cyclically

reduced, and starts and ends with v¢™.

The following result is a direct consequence of the construction.

LEMMA 5.1. Let v € CR(Z[t], X), f(t) € Z[t]. Then v/ € CR(Z[t],X) and
[f O] = g(®)| ()] = ol fE)], D, 0] = €.

The following result shows that Z[t]-exponentiation on C'R(Z[t], X) satisfies the
axiom E2).

LEMMA 5.2. Let u,v € CR(Z[t], X) and u = ¢~ xv*c for some c € R(Z[t], X).
Then for every f(t) € Z[t]

ul® = tapf® e,

L4 vx*c then v =

PROOF. Since u and v are cyclically reduced and u = ¢~
V1 0V, U4 =V20V1,C="1.
In view of 4) it suffices to show prove the lemma for f(t) = t™. Let f(¢) = t.

‘We want to show that.

(vgouy)t = vfl % (v1 ovg)! ¥ vy
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We have |vaov;| = |viovs] and (veov1)!(B) = (viove)!(B+]|v1]) for 8 € [1, [v]t—|v1]].
When we conjugate (vy o v2)! by v; we cancel the initial segment of (v; o v2)! of
length |v1| and add a terminal segment of length |v1], so we have (vg 0 v1)!(3) =
(0= % (vy ove)t *xv1)(B), B € [1,|vlt], and (va 0 v1)t = vt * (v1 0 v2)t % vy.

Since v* and u! are cyclic permutations of each other and both belong to
CR(Z]t], X) one can apply the induction on deg f(¢) and the lemma follows. O

LEMMA 5.3. Let u,v € CR(Z[t], X) and f(t),g(t) € Z[t] be such that uf®) =
v . Then [u,v] is defined and is equal to .

PRrROOF. Since [u,u/®] = ¢ and [v,v9)] = ¢ then [u,v9?)] = ¢ and [v, u/ V)] =
€. From the latter equalities we will derive the required statement.

Observe that if |u| = |v| then it follows automatically that u = v*!. Indeed,
by the definition of exponents u/(®) and v9(Y) have correspondingly u*! and v*!
as initial segments. Since u/(®) = v9(Y) then initial segments of length |u| in both
coincide.

We can assume |u| < |v| and consider [u, v9®)] = ¢ (if |u| > |v| then we consider
[v,u’®] = ¢ and apply the same arguments). Also, g(t) > 1, otherwise we have
nothing to prove.

Thus we have u * v9®*) = v9®*) % 4. Since u and v are cyclically reduced and
equal Z[t]-words have equal initial and terminal segments of the same length then
[u,v] is defined and we have two cases.

a) u*xv=uouv.

Thus, automatically we have v xu =vou

uovI® and v9® oy have the same initial segment of length 2[v|. So v =
uov; = vy 0vy and |u| = |vz|. Comparing terminal segments of wov9) and v9® o
of length |u| we have u = vy and from u o vy = v1 o w it follows that [u,v] = e.

b) There is a cancellation in u * v.

Then, from u/®) = v9®) it follows that v=! = v  ow and so v = u™" o vy,
Using the same arguments as in a) we obtain v = u~! o v; = v; 0 v, |u| = |va| and

u™t = vy. Tt follows immediately that [u,v] = ¢. O

5.2. Exponentiation on CDR(Z[t], X). Let v € CDR(Z][t], X) have a cyclic
decomposition v = ¢! ocw o c and f(t) € Z[t]. We define v/®) as follows

(5) oI = 1ou/Woe.

Observe that the product above is well defined since u/® starts and ends on u if
f(t) > 0, and starts and ends on u~t if f(¢) < 0.
Thus we have defined Z[t]-exponentiation function

exp: CDR(Z[t], X) x Z[t] — CDR(Z[t], X)

on the whole set CDR(Z]t], X).
There are other ways of defining Z[t]-exponentiation on CDR(Z[t], X') but from
now on we fix the exponentiation described above.

LEMMA 5.4. Let u,v € CDR(Z[t], X) be such that h(u) = h(v) and [u,v] = €.
Then [uf® v] = ¢ for any f(t) € Z[t] provided [uf® v] is defined.

PROOF. We can assume that either u or v is cyclically reduced. This is always
possible because both elements belong to CDR(Z[t], X). Suppose we have v~1 x
u * v = u, where u is cyclically reduced.
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) [u] < [v]

Since u is cyclically reduced either v~ ouoruxv=uwuov. Assume
the former. Then v has to cancel completely in v~ * u *x v because this product is
equal to u which is cyclically reduced. So v has the form v = u* o w, where k < 0
is the smallest possible and w does not have u as an initial segment. We have then

1 1

U=V
1

v irxurv=wlxusxw=w""*(uow)=u.
and w~! cancels completely. In this case the only possibility is that |w| < |u]
(otherwise we have a contradiction with the choice of k) and [u, w] = . So now we
reduced everything to the case b) because clearly [uf*) u*] = ¢ for any f(t) € Z]t].
b) fu| > [v]
We have v™! * u v = u. u is cyclically reduced, moreover, u is a cyclic
permutation of itself that is v~ % u * v = u. Finally, since [u/®, ] is defined then

vl s uf® x = f®
follows from Lemma 5.2. O

We summarize the properties of the exponentiation exp in the following theo-
rem.

THEOREM 5.5. The Z[t]-ezponentiation function
exp  (u, f(£)) s ul®

defined in (5) satisfies the following axioms (here u,v € CDR(Z[t], X) and f,g €
Z[t]):
El) vl =u, /9= @9, uw/t9=ufxu9,
E2) (v lxuxv)! = v~ Lsxuf v provided [u,v] = ¢ and h(u) = h(v), or u = vow,
oru=w*, v=uw’ for somew € CDR(Z[t], X) and a, 3 € Z[t];
E3) if [u,0] = € and u = w®, v = wP for some w € CDR(Z[t], X) and
a, B € Z[t] then
(u*v)f =ul o

PRrROOF. Let u € CDR(Z][t], X) and «, 5 € Z]t].
E1) The equalities u' = u and (uf)9 = uf9 follow directly from the definition
of exponentiation. We need to prove only that u/T9 = uf xu9. Let
u=clo u’f oc
be a cyclic decomposition of u. Then

f)k

uf =c7 o (u] !

oc, ud =c”
Now

W=l o T oc= (7 o (uf)F oc) k(¢ o (uf) o),
as required.

E2) If u = w*, v = wP for some w € CDR(Z[t], X) and «, 3 € Z[t], then the
result follows from the definition of exponentiation. If [u,v] = ¢ and h(u) = h(v)
then result follows from Lemma 5.4. If w = v o w then result follows from Lemma
5.2.

E3) We have (u x v)f = (w*t8)f = w@t8f = wof s wbf = (w*)F * (W) =
uf xof. (]
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6. Extensions of centralizers

In this section we prove that for certain subgroups G < CDR(Z[t], X) the
extension H of all cyclic centralizers of G by Z[t] has a natural embedding into
CDR(Zt],X). This is the main technical result of the paper, it provides the
induction argument for our proof that F“[!l embeds into CDR(Z[t], X).

In Subsection 6.1 we introduce and study some conditions on subgroups G <
CDR(Z]t], X), which allow one to carry out the induction step. In Subsection 6.2
we construct the embedding of H into CDR(Z]t], X). In Subsection 6.3 we prove
that H also satisfies all the induction hypothesis, this finishes the induction step.

6.1. Separation, Lyndon’s sets, and normal forms.

DEFINITION 6.1. Let G < CDR(Z[t], X). We say that G is subwords-closed if
G contains all sybwords of its elements.

Recall that the set Hy of all words in CDR(Z[t], X) of finite length is a sub-
group which is canonically isomorphic to the free group F = F(X). Moreover, the
length function on F induced from CDR(Z[t], X) is equal to the standard length
function on F. Throughout this section we identify F' with Hy via the canonical
isomorphism. Clearly, F' is subwords-closed.

DEFINITION 6.2. Let u,v € CDR(Z[t], X) and u = ¢ toujoc, v=d toviod
be their cyclic decompositions. Put § = §(u,v) = max{|c|,|d|}. We say that v and
v are separated if u™ xv™ is defined for any n, m € N and there exists r = r(u,v) € N
such that for all m,n > r

W™ = ™Mm" og (ur % ’UT) og T

DEFINITION 6.3. A subset M C CDR(Z][t], X) is called an S-set if any two
non-commuting elements of M with cyclic centralizers are separated. In the case
when M is a group we call M an S-subgroup.

To show that some elements of CDR(Z[t], X) are separated we need the fol-
lowing lemma, which is well-known in the case of finite words.

LEMMA 6.4. Let G be a subgroup of CDR(Z[t], X) and f,h € G be cyclically
reduced. If c¢(f™,h™) = |f| + |h| for some m,n > 0 then [f,h] = €.

PRrROOF. Suppose |h| > |f| and c(f™, k™) > |f| + |h| for some m,n > 0.

We have h = f¥ohy, |f| > |hi|,k > 1and f = hyofy. Since c(f™, h") > |f|+|h|
one has (f¥ohy)of = f¥*lohy. So, hyohyofi = hiofiohy and f = hyof; = fioh;.
It follows that [f1,h1] = ¢, hence, [h1, f] =€ and [f, h] = €. O

The following result is well-known in folklore. Since we could not find a proper
reference we provide a complete proof of it.

LEMMA 6.5. The free group F is an S-subgroup of CDR(Z]t], X).

PROOF. Let u,v € F and [u,v] # . We have to show that u and v are
separated. Without loss of generality we may assume that u and v are not proper
powers.

Assume that u and v are not separated. Hence, for any M > 0 and any r € N
there exist m = m(M,r) > r and n = n(M,r) > r such that c(u™™,v™) > M.

Let u = a lowoa,v =b"'owob be cyclic decompositions of v and v. Without
loss of generality we may assume |a| > |b|, so @ = a1 o b. We may assume also that
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la1| < |9] (otherwise a; = v* o as, |as| < |0| and we can replace a; by as). Consider
the following cases.

a) |ay|+|a| = |o]. If |aq|+|a| = || then © = a; ' ou~" and c(a™™,o") > |a|+|7|
(if M is sufficiently big). Hence, (see, for example, Lemma 6.4) v = 4~ !, so, a; = «.
It follows that a = b and [u,v] = € - contradiction.

Suppose |ay|+|i| > |v]. Then 471 = u; oug,al_loul =7',1>1,0 =wugov; and
c(a™™, (vyoug)™) > |i|+|v|. So, by Lemma 6.4 we have =1 = vy oug and uy = vy.
Thus, al_l owv; = o',1 > 1 and since |a;| < |7, we have | = 1,a1_1 o0V =0V =1uz0w;
and hence, a;l = uy. But, in this case we have a cancellation between a~! and @ -
a contradiction with the fact that a=! o 4~! o a is the cyclic decomposition of u~!.

b) |a1|+|@| < |7]. In this case we have o = a] ‘o *ouy, k > 0and @~ = ujous.
Hence, c¢((ug o up)™, ") > |a| + |9 and by Lemma 6.4 we have v = ug o uy. So,
@ =vand ag = u; = &,k = 1. It follows that a = b,o = 4! and [u,v] = ¢ - a
contradiction.

Thus, our initial assumption is false, so v and v are separated. [

DEFINITION 6.6. Let M C CDR(Z[t], X). A subset Ry; C CR(Z[t],X) is
called a set of representatives of M if Ry satisfies the following conditions:
1) Rjs does not contain proper powers;
2) for any u,v € Rys, u # v
3) for each u € M there exist v € Ry, k € Z, ¢ € R(Z[t], X ), and a cyclic
permutation 7 (v) of v such that

1

u=clom(v)Foc,

moreover, such v, ¢, k, 7(v) are unique.

Observe that we do not require Ry; C M.

It is easy to see that a set of representatives Ry exists for any M C CDR(Z[t], X).
We show how one can obtain Ry, from M in three steps.

Step 1. Let w € M and w = ¢! ow o ¢ be its cyclic decomposition. Put
R, = {@ | w e M}

Step 2. For w € Ry denote by M, the subset of R; consisting of all cyclic
permutations of w and w™!. Choose a single element w’ in each set M, and put
Ry = {w’ | w e Rl}

Step 3. For w € Ry denote by w* the unique (by Lemma 3.7) maximal root of
w. Put Ry = {w* | w € Ry}. Clearly, Ry satisfies the conditions 1)-3).

Observe that a set of representatives Rj; may not be unique for a given M,
but all such sets have the same cardinality and can be obtained one from another
by taking inverses and cyclic permutations of elements.

For a group G put

K(G) = {ve G| Calv) = ()},

DEFINITION 6.7. Let G be a subgroup of CDR(Z[t], X). Then a Lyndon’s set
of G is a set R = Rg(q) of representatives of K(G) which satisfies the following
conditions:

1) R C G;

2) for any g € G,u € R, and « € Z[t] the inner product c(u®, g) exists and
c(u®, g) < k|u| for some k € N;

3) no word from G contains a subword u®, where v € R and « € Z[t] with
deg(a) > 0.
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REMARK 6.8. Let G and R be as above. Then:
a) if G is subwords-closed then 2) implies 3);
b) for any g € G,u € R, and « € Z[t], the products g x u® and u® x g are
defined.

LEMMA 6.9. Let G be an S-subgroup of CDR(Z[t], X) and let R be a Lyndon’s
set of G. If u,v € RT' and g € G are such that either [u,v] # ¢ or [u,g] # € then
there exists v € N such that for all m,n = r the following holds:

m—r

u™xgxv" =u o(u"xgxv")ov" .

PRrROOF. Suppose that the statement of the lemma does not hold for a triple
(u,g,v). Then the lemma fails for any triple (u, g * v*,v) where k € Z. Since v € R
there exists k € Z such that (g*v*) *v = (g *v*) ov. Hence, replacing g by g * v,
we may assume from the beginning that g x v = gow.

Similarly, there exists & € N such that u * (u* x g) = uwo (u¥ * g). If g does not
cancel completely in u” % ¢ then

m— 1

u™ ok gx ™ =um o (uF % g) oo

for any m > k - contradiction. Hence, g cancels completely and g = u” o g1, |¢1] <
|u|. So, we can assume g = g; and |g| < |ul.

Consider two cases:

a) Let [u,v] # e. If |g| = |u| then for sufficiently big numbers m,n we have
c(u™™,v™) > |u| + |v|. Hence, by Lemma 6.4, [u~!,v] = ¢ - contradiction with our
assumption.

If |g| < |u| then u = uy o g~ 1. If for sufficiently big numbers m,n cancellation
between (u * g)™ and v is long enough then c((u;* o g)™,v™) > |u| + |v| =
luyt og|+|v|. Hence, by Lemma 6.4, [u; ' og,v] = ¢ and a conjugate of u commutes
with v - contradiction with the properties of R.

b) Let [u,v] = 1,[g,u] # . Then u = v*! and |g| < |u|. Thus u = u; 0o g~1. Tt
follows that c((u7! o g)™ u™) = 2Ju| = |u;* o g| + |u| for big enough m,n > 0. By
Lemma 6.4 [u; ! og,v] =¢. Hence, u;' og=wv. If v =u then u;'og=1u; og™*
and it follows that ul_l =u; and g = g~ ', so u = £ — contradiction. If v = u ™!

then u; ' og=gouy?, so [u1,g] = [u,g] = ¢ — contradiction.
This shows that our assumption that the triple (u,g,v) does not satisfy the
statement of the lemma is false. O

LEMMA 6.10. Let G be an S-subgroup of CDR(Z[t], X) and R a Lyndon’s set
of G. If uy,...,up € R™ and g1,...,gns1 € G are such that for any i =2,...,n
either [u;—1,u;] # € or [u;, g;] # € then there exists r € N such that

m m
g R Uyt R go kR U K Gy
T my—2r r T mo—2r My —27 r
= (g1 *uy) ouy" o (u] * g * uh) o uy? o---our o (Ul * gnt1)

for all m; e N, m; > 2r, i € [1,n].

PrOOF. We prove the lemma by induction on n. If n = 1 then the required
result follows from the properties of the Lyndon’s set R.

Suppose the statement holds for n = k and set n = k + 1. By the induction
hypothesis there exists r; € N such that

m mpe i
gL* UL KRG Kk UL K G =
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TR o (Ut x go xubt) oL 0w TR

= (g1 *uy") ouy
for all m; > 2ry, i € [1,k]. Put

w = (gu ) o w2

o (uy" * gry1)

T1 1 m2—27“1
o (uy* * g *us') o uy

0o (U, * ge )
then we have

1 mg—2r1 o ( r1 )

g1 Uyt R go k- k Ul ok gy = wouy UL * Gt
and

. —2 .
grxul" xgoke - xup g rug T kg = (woul ™t T o (Ut kgry1)) kUt ¥ Grya
Observe that by the properties of R there exists r2 € N such that

M 41 _ o M1 —T2 ()
U1 *Gk+2 = Up iy © (upk1 * rr2)

for all mgyq1 > ro. Finally, by Lemma 6.9, there exists » > max{ry, 7o} such that

my—2r1 1 Me+1—T2 _  mp—2r T T Me41—T2—T
(uk © (uk * 9k+1)) *Up g = Uy © (“k * Jkt1 % Uk+1) OUpyq

for all my > 2r, mgy1 > ro + r. Hence,

_9 m
(woug™ =" o (up! * gry1)) * ka:fl * k42
_ my—2r M1 —27
= woup™ " o (up * gry1 Fuppy) o Uy T 0 (Uppy * Grt2)
for all m; > 2r, i € [1,k + 1] which proves the lemma. O

DEFINITION 6.11. Let G be a subgroup of CDR(Z[t], X) with a Lyndon’s set
R. A sequence

(6) p=(91,u7", 92, -+, Gns U™, Gt 1),
where g; € G, u; € R, a; € Z[t], n 2 1, is called an R-form over G.

An R-form (6) is reduced if deg(a;) > 0,4 € [1,n], and if u; = u;—1 then
[ui, gi] # €.

Denote by P(G
w:P(G,R) — R(Z

, R) the set of all R-forms over G. We define a partial function
[t], X) as follows. If

p=(91,u5" 92, G, Up™ , Grit1)
then
w(p) = (- (g1 xui™) % g2) * -+ % gn) % up™) * Gni1
if it is defined.

DEFINITION 6.12. An R-form p = (g1,u7", 92, -, gn, U™, gn+1) over G is
called normal if it is reduced and the following conditions hold:
1) w(p) =g1ouf* ogao - 0gyoup” ognyi,
2) g; does not have u ! as a terminal segment for any i € [1,n] and g; o u$
does not have ! as an initial segment for any i € [2,7].
LEMMA 6.13. Let G be an S-subgroup of CDR(Z]t], X) with a Lyndon’s set R.
Then for every R-form p over G the following holds:

1) the product w(p) is defined and it does not depend on the placement of
parentheses;

2) there exists a reduced R-form q over G such that w(q) = w(p);

3) there exists a unique normal R-form q over G such that w(p) = w(q);

4) w(p) € CDR(Z[t], X).
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PrROOF. Let
p= (gla utlllvg% s agnvu%n’gn-‘rl)
be an R-form over G.
We show first that 1) implies 2). Suppose that w(p) is defined for every place-
ment of parentheses and all such products are equal. Denote by i1 < io < --- < ig
the only indices above with deg(a;,) > 0. Set

- Qi —1
hy = grkcckU; Z 1 X Giy
Qip 41
higr = Giwr* gty %o ¥ g
h _ Qij+1
G+ = G+l KUy ¥ Gigyy

where j € [2,k—1]. Notice that h; € G for all j € [1,k+1]. It follows from 1) that
W(p) = gy * Ut ok -k G * U ¥ Grgr = hy KUYk B k- kU K By,

where 3; = a;;,v; = u;; for all j € [1,k]. Hence, if we put

pP1 = (hl,Ulﬁl, hg, e ,ng,hk+1)

then p1 € P(G, R) and w(p) = w(p1). Now if py is not reduced then there exists
J € [1,k] such that [hj,v;] = € and v;_; = v;. Since the centralizer of v; in G is
cyclic and generated by v; then h; = v} for some m € Z. Therefore

vﬁj—l

Bj Bj—1+m+5;
Jj—1 :

h; v v;

Thus, we obtain a new R-form

j—1+m+5;
pQ:(hl,’Ulﬁl,...,h]’_l,Uﬁj rrm ﬂj,hj+1,...,’t}]€k,hk+1),

which is shorter then p; and w(p) = w(p;) = w(p2). Proceeding this way (or by
induction) in a finite number of steps we obtain a reduced R-form

q= (flav’lyl,f%'"av;ﬂaflJrl)v

such that w(q) = w(p), as required.
Now we show that 1) implies 3). As we have seen above there exists a reduced
R-form
q1 = (hl,vfl,hQ, e ,’U]fk,hk_;,_l)
such that 1) holds for ¢; and w(p) = w(q1). By Lemma 6.10 there exists r € N
such that

w(g) = M *vlﬁl *---*vf" * Njt1

= (h1xvi')o vlﬁﬁz” o (v]* * hg xvg?)o--- ov,f’r%c o (vp* * hiy1),
where r; =sgn(8;) - r, j € [1,k]. Put

fi=hi %o, fig1 =0f xhgg, fj= v;j_’ll * h *v;j (j € [2,k]),
where v; = 3; — 2r;. Then if we denote

g2 = (flav’1h7f27'"avzk7fk+1)7

then g2 € P(G, R), ¢z satisfies 1), and w(q1) = w(gz).

By the properties of R, there exists My € Z such that f; = 21 o v{wl and z;

does not have vlil as a terminal segment. Also, by Lemma 6.9, there exists N3 € N
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’ ’
such that fo 0 v)®> = v1' 0 2’3 0 v) ? and 2’y o vy * does not have v

segment. It follows that

f[l as an initial

M +N ’ .
u)(qg):,Z'lonlJr it loz’govgzo...ovz’“ofkﬂ.
Hence, for a reduced R-form
_ Yyi+Mi+N1 s ¥ Ve
CIB—(ZlaU1 y 2 2, Uy 2a"'7vk; 7fk+1)

one has w(g2) = w(gs).
Now we can proceed with g3 in the same way using properties of R and Lemma
6.9. In a finite number of steps we obtain a normal R-form

5 5 b
q = (21,07, 22,052, ..., 0.F, 2 y1)

such that w(p) = w(q). Uniqueness of ¢ follows from the process above.
Now we prove 1) by induction on n. If n = 1 then by the condition 2) in the
definition of R-sets

g1 xuft = (gp xufr)oufr TR 0 TR gy — TR 6 (k2 )
for some ki, ks € N. Hence,
(g1 % uS™) % go = (g1 * ul*) 0w ™) w gy = ((g1 * ul?) o uf ™" 77) o (uf? x gy).

By the axiom (P4) of pregroups the product (g1 * u{") * g2 does not depend on the
placement of parentheses. So 1) holds for n = 1.
To show that 1) holds for an arbitrary p above put

_ (3] Qn—1
1= (glaul 592505 Up 7gn)

By induction w(p;) is defined and it does not depend on the placement of paren-
theses. By the argument above there exists a normal R-form

q1 = (hlavlﬂlthv oo avfk_ila hk)

such that w(q) = w(q1). Since ¢; is a normal R-form one has

w(q1) = hy o vf* o hy o...oUgiEI o hy.

To prove that p satisfies 1) it suffices to show that

w(qr) * (up™ * Gnt1)

is defined and does not depend on the placement of parentheses. To show this we
consider several cases.

If deg(a,) = 0 then Ay * (ud™ * gny1) € G and by the condition 2) of Lyndon’s
sets

Ufi‘ll * (hg *uS™ % gpi1) = vfi‘lrr o (vp_q *hg *uS™ * gni1)

for some r € N. It follows that w(p) = w(q1) * (u¥™ * gp+1) is defined and does not
depend on the placement of parentheses.

Suppose deg(a,) > 0. If either [vg_1,up] # € or [vk_1, hi] # € then by Lemma
6.9 and the condition 2) in the definition of Lyndon’s sets

(V03" 0 k) % (ug™ # gng1) = V3 " 0 (Vh_y * By x Ul ) 0 ugn T T 0 (U2 # gg)
for some 51,52 € N. In this case w(q1) * (u&™ * gn41) is defined and does not
depend on the placement of parentheses.

If [vg—1,un] =€ and [vk_1, hy] = € then vg_1 = u,, and hy = 1. Hence,
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Br—1 Br—1+a Br—1+an—s2 s
(V71 o ) ¥ (up™ * gnt1) = U5 T K g = 0 S o (VR * Gnt1)

and the statement follows. This proves 1). Hence, 2) and 3) hold.
Now we prove 4). By 3) there exists a normal R-form
q = (hl,vfl,hg, ceey hk,vfk,thrl)
such that w(p) = w(q). It follows that

1

w(q) = hy ov] oh20~~~ovf’“ohk+1.

By Lemma 3.8, to prove that w(q) € CDR(Z]t], X) it suffices to show that
g ' *xw(q)xg € CDR(Z[t], X)

for some g € R(Z[t], X). We consider two cases.
a) If vy # vg or v = vg but [Ag41 * hi,v1] # € then by Lemma 6.9, there exists
m € Z,mf3; > 0 such that

(vy ™ ohT V) xw(q)* (hyov?) = (V' "ohgo- - ~ov£’“7m)o(vzl*hk+1 xhy*xv]*)ovy ™™
for any n € Z, |n| > |m|. Thus,
(v7™ o hih) xw(q) * (hy o v}) € CR(Z[t], X) € CDR(Z[t], X).
b) If v1 = vk, [hg+1 * h1,v1] = € then hgyq x hy = 07" and
hit s w(q) x hy = v o hgo---ouh ™,

If sgn(B1) = sgn(Bk) then
hit' xw(q) * hy € CR(Z[t], X) C CDR(Z[t], X).
If sgn(B1) # sgn(Bk) then without loss of generality we can assume |51] > |G| and
we have
P F™ s b7 sk w(q) # (hy x0T = oI o ooy,

so the number of infinite exponents of elements from R is reduced by one and we
can use induction on k. This proves 4). d

Let G and R be as above. By Lemma 6.13 for every g,h € G, u € R, a € Z]t]
the product g * u® * h is defined and belongs to CDR(Z[t], X). Put

P=P(G,R)={g*u**h|g,h€G,u€ R, «acZl]}
Multiplication * induces a partial multiplication (which we again denote by %) on
P so that for p,q € P the product p * ¢ is defined in P if and only if p* ¢ is defined

in R(Z[t], X) and p * ¢ € P. Now we are ready to prove the main technical result
of this subsection.

PROPOSITION 6.14. Let G be an S-subgroup of CDR(Z[t], X) and let R be a
Lyndon’s set for G. Then the set P forms a pregroup with respect to the multipli-
cation *.

PROOF. Since multiplication * in P is induced from R(Z[t], X) it follows from
Theorem 3.4 that axioms (P1)—(P4) hold in P. To complete the proof it suffices to
check that the following axiom

(P5) for every u,v,w,z,€ P if u*v,v*w, and w * z are defined then either

Uk VKW or vxw * 2 is defined in P
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holds in P. To show this we need two claims.

Claim 1. Let g; % ¢ « h; € P and deg(a;) > 0,7 =1,2. If

1

g1 kTt xhy = go x5 % hy

then ¢; = 02il and [hy * h;l,cl] = [g1 * g;l,cl] =e.

Indeed, clearly a = (g1,¢7*, hy * hgl,cgo‘g,ggl) is an R-form, so, by Lemma
6.13, w(a) is defined and

G xhyxhytxey;® v gy = e
Hence, a is not reduced and the claim follows.
For every p € P we fix now a representation p = g, * cp? * hp, where gp, hy, €
G,cp € R, o € Z[t].

Claim 2. Let p = gy*cp”*hy, q= ggxcq®*hg bein P. If deg(a,), deg(ay) > 0
and p* ¢ € P then ¢, = ¢, and hy * g4 € (c}).

Put ¢ =pxgq. Then x € P and x = g, * c5® * h,. Observe that

—g

_ (e a —1 —1
a_(gp7cpp7hp*gq7cqqahq*h’7; 707; vgw )

is an R-form, so w(a) is defined and

—ay

(o4 (e% —1 -1 _
Gp * CpP x hyp x gg k1 x hg x hy ™ ke x g, =e.

Hence, a is not reduced.

Suppose, first, that deg(a,) > 0. In this case either ¢, = ¢q, [hp * gq,¢p] =€ OF
Cq = Cuy [hg * h;1,cq] = e. In the former case the proof of the claim is complete.
In the latter one hy  hy* = ¢k, for some k € Z, so

—oyg

gp*cgp xhy = (gz*cp® *hr)*(h(;l*cq *g;l)

_ O —k —a -1 _ ap—ag—k —1
= gukcytrey ke M kg =gekctT MV xg

where deg(a, —a,—k) > 0 (otherwise ¢,” € G). Now the result follows form Claim
1.
If deg(cvy) = 0 then ¢, = ¢4, [hp * g4, ¢p] = € and the claim follows.

Now we are in the position to verify that the axiom (P5) holds in P. Put
E = {aw, oy, auy, @, } and consider the following cases:

a) deg(e) >0 for all e € E.

Then by Claim 2, ¢, = ¢, = ¢y, = ¢, and hy, * gy, by * G, ey * b, belong to the
cyclic subgroup generated by c¢,. In this case ux v *w € P.

b) There is precisely one element e € E such that deg(e) = 0.

Then in the sequence u, v, w, z we have a subsequence a, b, ¢ in which either a, b
or b, ¢ satisfies a). In this case obviously a x b c € P.

¢) There are precisely two elements ey, e; € E such that deg(eq) = deg(ez) = 0.

Then in the sequence u,v,w, z we have either a subsequence a, b, c in which
either a, b or b, ¢ satisfies a), or a subsequence a, b, ¢ in which only b satisfies a). In
both cases a * b c € P.

d) deg(e) =0 for all e € E. Hence, u,v,w,z € G and the axiom (P5) obviously
holds.

This completes the proof of the proposition. O
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6.2. Pregroups and non-standard extension of centralizers. Let GG be
a fixed S-subgroup of CDR(Z[t], X) with a Lyndon’s set R. Below we continue to
use notations from the previous section.

By Proposition 6.14

P={gxu*«h|g,heG, ueR, aclZlt]}

forms a pregroup in CDR(Z[t], X) with respect to the partial multiplication *. The
next two results reveal the structure of the universal group U(P) of P.

THEOREM 6.15. P generates a subgroup (P) in CDR(Z[t], X), which is iso-
morphic to U(P).

Proof. The proof of the theorem is divided into several claims. Below we
refer to any tuple y = (y1,...,yn) € P™ as a P-sequence and we call it reduced
if y; *xy;r1 ¢ P for i € [1,n — 1]. Observe, that if y = (y1,...,yn) is a reduced
P-sequence and y; = g; * ¢;'* * h; then y has the following properties:

1) deg(a;) > 0 for all i € [1,n],

2) either ¢; # c¢j41 or ¢; = ¢iy1, [h * giv1, ¢ £ &,i € [1,n—1].

In particular, the following R-form over G

Py = (g1, ¢y ha % g2, 52, ..., hp_1 % gn, o™, hyp),
is reduced as an R-form.

Recall, that the group U(P) consists of equivalence classes of reduced P-
sequences modulo the equivalence relation ~ such that (y1,...,yn) ~ (21,...,2m) if
and only if m = n and there exist elements a1, ...,a,_1 € P such that z; = a;_llyiai
for 1 <i < n (here ag = a, =1).

Claim 1. P generates a subgroup H = (P) in CDR(Z[t], X).

Observe, first, that P~' = P. Now if y1,...,yn € P then y; % --- %y, =
w(py) where y = (y1,...,yn). Hence, by Lemma 6.13 y; * ys * - - - * y,, is defined
and it belongs to CDR(Z[t], X). It follows that P generates a subgroup H of
CDR(Z[t],X). Tt is not hard to see that H consists of all words w(p), where p
ranges through all possible R-forms over GG. This proves the claim.

Now we have to prove that H ~ U(P). By the categorical properties of the
universal group U (P) of the pregroup P the canonical inclusion ¢ : P — H (which is
obviously a morphism of pregroups) extends to a unique homomorphism of groups
¢ : U(P) — H defined as follows. If y € U(P) is viewed as a P-sequence y =
(y1,-..,Yyn) € P™, then

y* =y xxyl € H.

Claim 2. ¢ is onto.

The claim is obvious since P C U(P) and P generates H.

Claim 3. ¢ is one-to-one.

Let y = (y1,-.-,Yn) and z = (z1,...,2m,) be reduced P-sequences such that
y® = 2%. We need to show that in this case y and z define the same element in
U(P),ie,y~ z.

If yi = gy, xcyi x hy,, i € [1,n], and z; = g, *cfj *h.,,j € [1,m], then
by = (gyl’ 03117 hyl * Gyas 62227 EN) hynfl * Gyn > C;:’ hyn)7

— % 5 B
pZ - (9217 cz117 hzl *gzza 02227 R} hszl *gzm7 Cz,?j? hzm)
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are reduced R-forms such that y? = w(p,) and 2% = w(p,).
Following the process described in Lemma 6.13, we find the corresponding
normal R-forms

— Y1 V2 2

qy = (ao, ¢ty a1, €2, .. an_1, C)", an),
_ J1 d2 d

qz = (b07 Ca1o bla Crgr - 'abm—h Cz:,r:a bm)?

such that w(p,) = w(g,) and w(p.) = w(g,). Observe that according to the process
we have

ap = gy, * cl;;, Ap_1 = CZ: * hy,, a; = czl * (hy, * Gy,0) * 051117 i€[l,n—1],
by = gz, * cgl, bm_1 = fm «h,,, bj= cfj  (hyy % gz,,,) * cgﬂjll, jel,m-1],
where k;,s;, K;,5; € Z, i € [1,n], j € [1,m], and

a; =i+ ki+si, B =0;+K;+8;, i€[l,n], j€[l,m].

Since w(gy,) = w(g,), from the uniqueness of normal R-forms it follows that m =
n, a; =b;, i € [0,n] and ¢y, = c,;, Vi = J;, © € [1,n]. Now, if we take P-sequences

I (e3% ko as—ko ks Qg

Y —(gyl*cy1 * hyy * Gy, ¥ €2, € *hyz*gys*c%,...,cynikn*hyn),
r_ 51 Ko Ba— Ko K3 Bm

2= (gey ¥ 0w by K g, kL2, O  hay % gay ¥ Coy ,...,czm_Km*hzm)

then y ~ 3,z ~ z/. Using the equalities above it is easy to see that ' can be
obtained from 2z’ by interleaving, that is, ' ~ 2z’ which implies y ~ z.
([

REMARK 6.16. As we have seen in the proof above every element h € H can be
presented by a reduced R-form pj,. By Lemma 6.13, h has a unique normal R-form
gr, such that w(qn) = h. We will refer to this ¢;, as to the normal form of h in H.

To describe the algebraic structure of the group H we need the following nota-
tion.

Let R={c; |i€I}. Put S={s;;|¢€l,je N} Then the group
G(R, S) = <G,S | [CZ‘,Si,j} = [si,j,sk’j] =1,1el,j,ke N>

is an extension of all cyclic centralizers of G by a direct sum of countably many
copies of an infinite cyclic group. Sometimes, we will refer to G(R, S) as an exten-
sion of all cyclic centralizers of G by Z[t].

THEOREM 6.17. H ~ G(R, S).

PrOOF. We start by defining amap ¢ : P — G(R, S) as follows. Let g;xc®xh; €
Pand a=apt" + ap_1t"" 1+ - + a1t + ag. Put

Qn
i,m

An—1 ay ao
S, ci® h;

gi *C;'l *h’l g gi S i,n—1 Si,l 7

It follows from Claim 2 in Proposition 6.14 that ¢ is a morphism of pregroups. Since
H ~ U(P), the morphism ¢ extends to a unique homomorphism ¢ : H — G(R, S).
We claim that 1 is bijective. Indeed, observe first that G(R,S) is generated by
G U S. Now, since ¢(ct’) = s;,; and v is identical on G, it follows that 1 is onto.
To see that 1 is one-to-one it suffices to notice that if

y=(g1*ci xhy,gaxc5? % hoy ..., Gm * Co™ % hyy,).

is a reduced R-form then y¥ # 1 by Britton’s Lemma (see, for example, [31]). This
proves that ¢ is an isomorphism, as required. ([
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Now we prove two results about H.
LEMMA 6.18. If G is subwords-closed then so is H.

PRrROOF. Suppose G is subwords-closed. Let h be an arbitrary element from H.
Then h can be written in the normal form

h=hiouf* ohyous?o---oum™ ohmis,

where h; € G, i € [1,m+1], u; € R, a;; € Z[t], i € [1,m]. Now, a subword A’ of h
has the following form

W =hpoul™ ohpyrouyiit o ohjou ohiyy,

where A/}, ouzk is a terminal segment of Ay, ougk and u?l oh/;41 is an initial segment

of uj" o hy4q. Since G is subwords-closed, it follows that h'y,h’;41 € G. Hence,
h' € H, as required. O

LEMMA 6.19. If G is subwords-closed then H is an S-subgroup.

PROOF. Suppose f,g € H, [f,g] # €, and the centralizers Cy (f) and Cg(g)
are cyclic. Since the centralizers in H of elements from G are isomorphic to Z[t],
it follows that g and h are not conjugates of elements from G. In particular, if
f=a'lofoaand g =b"'ogob are cyclic decompositions of f and g then f
and g are not in G. Notice that by Lemma 6.18 H is subwords-closed, therefore
none of the elements in H contains an infinite power of f or infinite power of g as
a subword.

We have to show that g and h are separated. Suppose to the contrary that
they are not separated. Without loss of generality we can assume that f and g are
not proper powers. Since f and g are not separated for every M € N there are
m,n € N such that ¢(f~™,¢") > M. In particular, ¢(f~™,¢") > max{|a|, |b|} for
sufficiently big m,n (i.e., both @ and b=! cancel in f™ * g"). We may assume that
la| > |b], so @ = ay ob. Also we may assume that |a;| < |g| (otherwise a; = g~ o as,
where |az| < |g] and k € N, so we can replace a; by az).

Consider the following cases.

a) Let |ai| + |f] = |g]- If |ai| + |f| = |g| then § = a;' o f~'. Therefore
fMfxgt=a"tofmxgtob,soc(f~™,g") > |f|+1|g|- By Lemma 6.4 g = f~!, so
ay = e. It follows that a = b and [f, g] = € — contradiction.

Suppose |ai| + |f| > |gl. Then f~* = fio0 fo,a; o fi = g°, p = 1, and
G = foog. It follows then that c(f~™, (g1 o f2)™) > |f| + 19|, so by Lemma 6.4
f'=giofyand f; = g;. Thus, a;'og; = g°, p > 1, and since |a;| < |g|, one has
p=1, afl og; =g = fa0g1, hence, afl = f5. This shows that there is cancellation
between a~' and f — contradiction.

b) Let Jax| + ] < fgl. _ ]

In this case g = al_l of %o fi,k>0and f~! = f; o fo. It follows then that
c((fz0 f1)™, g") > [fI + 3], so by Lemma 6.4 g = f; 0 f1. Hence, [f| = |g| and
a; = fi =&,k =1. This implies a = b, g = f~1, and [f, g] = ¢ — contradiction.

Thus, our assumption was false and f, g are separated, as required. O

6.3. Regular free length functions on extensions of centralizers. Let
G be a fixed S-subgroup of CDR(Z[t], X) with a Lyndon’s set R. In the previous
subsection we showed that the set

P:{g*u“*h|g,heG,u€R,a€Z[t]}
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generates a subgroup H = (P) of CDR(Z][t], X ), which is isomorphic to the exten-
sion of all cyclic centralizers of G by Z[t]. It follows that H has a length function
induced from CDR(Z][t], X ). In this section we show that this length function is
regular, provided the length function on G is regular. Notice that if G is subwords-
closed, then by Lemma 6.18 H is subwords-closed too, so the length function on H
is obviously regular. In what follows we do not assume that G is subwords-closed.

We begin with a description of the induced length function on H. Let y € H

and
y:goocixl09100320920"'°C%mogm

be the unique normal form for y in H. Then
m

m m m
(7) lyl =D lgil + Y 1e 1 =D lail + D leillail.
i=0 i=1 i=0 i=1

LEMMA 6.20. If the length function on G induced from CDR(Z]t], X) is regular
then so is the length function induced from CDR(Z[t], X) on H.

PROOF. Suppose that the length function induced from CDR(Z[t], X) on G is
regular. Let h,g € H. One can write them in the normal forms

2 «

h=hjoul*ohgous®o---ouy™ ohpir,

g:glovfloggov§2o~-~ov£"ogn+1,

where h;,g; € G, i € [1,m+1], j € [l,n+1], u;,v; € R, a;,5; € Z[t], i € [1,m],
Jjel,nl.

If ¢(h,g) = 0 then there is nothing to prove. Suppose c(h,g) > 0. Now,
comparing representations of com(h, g) as all possible subwords of g and h, consider
two cases.

Case 1). Suppose

com(h,g) = grovf o0 vl 0 g,

where g = ¢'1. 0 "4
a) Assume that

com(h,g) = hyoufto---ou' ' o by,

where h; = h/; o h”;. From the properties of normal forms it follows that k = I,
gi = hiy, u; = vy, a; = B for i € [1,k — 1] and by, = ¢’;, = com(hg,gi). Thus,
g'1 € G since the length function on G is regular and it follows that com(h, g) € H.

b) Assume now that com(h, g) ends in h inside of u;"" for some I € [1,m], that
is,

com(h,g) =hyouf* o---ohjou) ou,

where u; = v ou”, v < qy.

If deg(y) > O then k =1+1, g =hy, uy =v;, 1 € [LLk—1], oy = B, i €
[1,k—2], Br—1 =~ and ¢}, = v’ = com(uy, gx) € G, thus, com(h,g) € H.

If deg(y) = 0 then k =1, g; = hi, w; = v;, oy = B4, © € [1,k — 1] and
¢’ = hrou] ou'. Thus, ¢’; = com(hy ou)*', gx) € G and com(h,g) € H.

Case 2). Suppose com(h, g) ends in ¢ inside of vf’“ for some k € [1,n], that is,

com(h,g) = giovy o+ ogrovgor,

where v, = v 0v”, § < Bg.
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a) If
com(h,g) = hyoufto---ou'7 oy,
where h; = h'; o h”}, then this case is symmetric to Case 1b).
b) Suppose com(h, g) ends in h inside of u;"" for some [ € [1,m], that is,

com(h,g) =hyouf* o---ohjou) ou,

where u; = v’ ou”, v < ay.

If deg(~y),deg(d) > 0 then k =1, g; = hi, u; = v, @ € [Lk], oy = G, © €
[1,k—1], v = §, v’ = v’ and we have a contradiction with the definition of com(h, g).

If deg(y) > 0,deg(d) =0 then k=1+1, g; = hs, u; =v;, i € [L,k—1], oy =
Bi, i € [1,k—2], Br—1 =~ and v’ = gy ovl ov’. Thus, v’ = com(uy, gk ov,‘i“) and
com(h, g) € H. If deg(y) = 0, deg(d) > 0 then we apply the same argument.

If deg(y) = deg(d) =0 then k =1, g; = h;, u; =v;, a; =0, 1 € [1,k—1] and
grov) ov' = hyou) ou = com(hy o uzﬂ,gk o v,‘zH) € G. Thus, com(h,g) € H.

Since in all possible cases com(h,g) € H, this shows that the length function
on H is regular. O

7. Embedding of F”[!l into CDR(Z]t], X)

Let F be a free non-abelian group. Recall that one can view the group FZ! as
a union of the following infinite chain of groups:

(8) F=Gy<G1 <Gy<--<Gp <+,

where G,, is obtained from G,,_1 by extension of all cyclic centralizers of G,,—1 (see
Subsection 2.1).
For each n € N we construct by induction an embedding

Yn : G — CDR(Z]t], X)

such that 1,1 is the restriction of ¥, to G,,—1. To this end, let Hy be the set
of all words of finite length in CDR(Z][t],X). Clearly, FF = Hy. We denote by
1o : ' — Hy the identity isomorphism. It is obvious that Hj is subwords-closed
and it is not hard to see that Hy has a Lyndon’s set. By Lemma 6.5, Hy is an
S-subgroup of CDR(Z][t], X).

Suppose by induction that there exists an embedding

¢n_1 : Gn_1 — ODR(Z[t],X)

such that the image H,_1 = ¢,_1(G,_1) is an S-subgroup, it is subwords-closed,
and there exists a Lyndon’s set, say R, _1, in H,_1. Then by Proposition 6.14 and
Theorem 6.15 from Section 6, there exists an embedding v, : G, — CDR(Z][t], X).
Moreover, in this case, the image H,, = ¢, (G,) is the subgroup of CDR(Z[t], X)
generated by the pregroup

P(Hn—lan—l) = {f*ua*h | f7h€Hn—la UERn—la (XEZ[t]}

Notice that by Lemma 6.19, the group H,, is an S-subgroup of CDR(Z[t], X ), and
by Lemma 6.18, H,, is subwords-closed. So to finish the proof one needs to show
that H, has a Lyndon’s set.

LEMMA 7.1. Let H,_1 from the series (8) be a subwords-closed S-subgroup of
CDR(Zt], X) with a Lyndon’s set R,—1. Then there exists a Lyndon’s set R, in
H,.
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ProOOF. Recall that K = K(H,) C H, is the subset consisting of all elements
v € H, such that Cp, (v) = (v). Denote by R a set of representatives for K.

Since H,, is subwords-closed then we may assume that R C H,, (see the con-
struction of a set of representatives after Definition 6.6 in Section 6.1). The same
argument shows that an element f € H,, does not contain a subword u®, where
u € R and « € Z[t] is infinite. Indeed, in this case it would imply that u® € H,,
hence, [u®,u] = ¢, so the centralizer of v in H,, is not cyclic — contradiction with
u € R. Finally, let w € R, g € H,,. Observe that u ¢ H,_1, so u has a unique
normal form

u=froufofao---oul*o fri1,
where f; € Hy,_1, u; € R,_1, and «; € Z[t] is infinite for any i € [1,k]. If g € H,,—1
then

9) (g+u™) su=(gsu™) ou, wk (W™ xg)=uo (" xg)
holds for m = 1, since R,,_1 is a Lyndon’s set for H,,_1. If g ¢ H,_, then

g=giovtogso---0u 0gyii,

where g; € H,,_1, v; € R,,_1 and 3; € Z[t] is infinite for any j € [1, p]. In this case
(9) holds for any m > p.
It follows that the set R,, = R is a Lyndon’s set for H,,. O

8. Algorithmic problems for F%[!

In this section we discuss some algorithmic problems for FZ. The group FZ[!
is not finitely generated, as an abstract group, but it is finitely generated as Z[t]-
group (a group with operators from Z[t]). Since the ring Z[t] is finitely generated
then every element of FZ can be represented by a word (so-called parametric word)
in a finite alphabet. We refer to [27, 6, 35, 36] for details on exponential groups.
In [27] Lyndon showed that the word problem for FZI is decidable, so this group
is constructible in the sense of [33] or recursive in terms of [41]. This allows one to
represent elements of FZ! effectively by normal forms of various types. In Section
8.1 we discuss how one can effectively rewrite one normal form of an element into

another one. Afterward, in Section 8.2, we solve the conjugacy and power problems
in FZMH,

8.1. Effective representations of elements of Z[t]. As we have seen al-
ready there are several different ways to describe the group FZ[ and its elements.
Below we discuss in details various representations of elements of FZI.

I. Representation by parametric words. This is Lyndon’s original repre-
sentation [27]. We define by induction a set Fy, of parametric words of level k as
follows. Put Fy = F = F(X). If Fy_ is defined then F} consists of all formal
expressions of the type

Qm
m

wlalwg2 .- .. w
where n € N, w; € Fy_1, and «; € Z[t]. One can introduce an equivalence relation
on F}, such that the equivalence classes form a group with respect to concatenation
of parametric words and such that the axioms of exponentiation E1)-E3) (see Sub-
section 2.1) are satisfied. Abusing notation we denote the resulting group again by

Fj,. Now the group FZ is defined as a union of the chain of subgroups:
F=F<Fkh<- - --<F,<---.
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If g € FZI then there exists k € N such that g € Fj, so g can be viewed as a
parametric word of level k

g = witwy? - wp
I1. Representation via extensions of centralizers. This representation of
FZI was introduced in [36] by A.Myasnikov and V.Remeslennikov. In this case

FZIt is obtained as a union of the chain of extensions of cyclic centralizers (8):
F=Gy<Gy-- <G <+,

where G, is the Z]t]-extension of all cyclic centralizers in G,,—1. Recall that G,, is
an HNN-extension of the type

Gn = Gn—l(Ra S) = <Gn—175 | [Civsi,j] = 17 [Si,jasi,k} = 171 c Ivjak c N>7

where R = {¢; | i € I} is a Lyndon’s set in G,,_y and S = {s; ; | i € I,j € N}. If
g € FZl then there exists k € N such that g € Gy, so g can be represented as a
word in generators of Gy,

9 = 912192722 " " ZmGm+1,

where g; € G,—1, z; € F(S). Moreover, g can be represented in a reduced form
as an element of an HNN-extension. In this case it does not have subwords of the
type s~ lus or sus™! where s € S and [u, s] = 1. Furthermore, following [36] one
can introduce by induction seminormal forms of elements from G,,.

ITI. Representation by infinite words. In Section 7 we showed that FZ[]
can be described as a union of the chain of subgroups of CDR(Z][t], X):

F=Hy<H{<---<Hp,<--,
where H,, = (P(H,,—1,R,-1)) and P(H,_1, R,,—1) is the pregroup
P(Hn—laRn—l):{f’kua*h | fvheHn—la UGRn_l, Q€Z[t]},

formed from H,,_; and a Lyndon’s set R,,_1 of H,_1.
If g € FZI! then there exists n € N such that g € H,, so g can be represented
by an R-form, moreover, it has a unique normal form:

g=aq Oufl 0920"'0%%" O gm+1,
where ¢g; € Hy—1, u; € R,—1, 0; € Z[t]. We may assume (by induction) that the
normal forms of elements from H,,_; are already defined. In this event we suppose
that the elements g;,u; € H,_1 are given in normal forms.
Below we show that given any of the three forms of an element g € FZI
described above, one can effectively compute the other two. We begin with two
auxiliary algorithmic results.

LEMMA 8.1. Let f € H, be given by an R-form

f = (flvu?17f27"'7u$nm7fm+1)7

where f; € Hy—1, 1 € [I,m+ 1], u; € Ry—1, o € Z[t], © € [L,m] and [fi,ui—1] # €,
[fisui] # ¢, i € [2,m]. Then one can effectively compute the normal form of f in
H,.
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PRrROOF. We prove by induction on n. If n = 0 then there is nothing to prove.

Suppose, by induction, that the statement of the lemma holds for H,,_;. Then
one can compute effectively the normal form of any product of the type u]_; * fi*u!,
where 7; € Z. By Lemma 6.9 there exists r; € Z such that

ul T x fixudt = w7 o (Ul fikult) oui T
for any ki,ks > 7;. Notice that such r; can be found effectively by checking for
r; = 1,2,.... It follows that one can find effectively a representation of f of the
type
f=gioulogao - oulm % gmyi.

This may not be a normal form for f yet. To obtain the normal form for f one has
to check, first, if g; contains ufl as a terminal segment. Using the normal forms
for g1 and u;, one can check this effectively. If gy = h; o uF then

+k "
f=hiou]'ogao--oulm kg1

Now one has to check if gs o u)™ has ufl as an initial segment, etc. Induction
finishes the proof. O

LEMMA 8.2. For an element g € Gn,—1 and f € Z[t] one can effectively find
the element g/ € Gy, i.e., Z[t]-exponentiation in FZU (given in the form II) is
effective.

PROOF. To show this we follow the argument from [36]. By induction we may
assume that Z[t]-exponentiation is defined effectively in Gy,_2 (we put G_; =1 for
the base of induction). Recall that every element g € G,,—1 \ G,,—2 is a conjugate
of some element u; € R,_1. The axiom (E2) of exponentiation makes it sufficient
to define Z[t]-exponentiation on u; and then extend it by conjugation onto g. By
the construction the centralizer C¢, (u;) is isomorphic to the infinite direct sum

Ca, (ui) ~ P (si ;)
=0
The map
/\i : Z[t] — @<Si7j>
§=0
defined as

k
ap+ait+---F+apt™ = aoSiotaisin o+ arsik

is an isomorphism of abelian groups. For f € Z[t] put u{ = A\i(f). It has been shown
in [36] that this defines a Z[t]-exponentiation on G,,_1 (with values in G,,), which
extends (by induction) to a Z[t]-exponentiation on FZ, Since the isomorphism \;
is effective one can effectively find the element u{ . To finish the proof it suffices to
show now that for a given element g € G, _1 ~ G,,_o one can effectively find the
unique element u; € R,,—1 which is a conjugate of g. Since the conjugacy problem
is decidable in FZ one can effectively check whether ¢ is conjugate to uq, if not —
then to uo, and so on, until the required u; will be found. This process is effective
because the set of representatives R,,_; is recursive enumerable (since we started

with a recursive representation of FZ! of type II). This finishes the lemma. O
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PROPOSITION 8.3. If g € FZ is given by one of the representations I, II, III
then one can effectively find the other two representations of g.

PROOF. I = II. Suppose g € FZI! is given by a parametric word of level n
g = u)(l)tl'lug2 .. .w'rOT(zMV

where w; € F,,_1, «; € Z[t], m € N. By induction on n (the base of induction n = 0
is obvious) we may assume that for every element w € F,_1, given as a parametric
word of level n — 1, one can effectively compute its representation ¢,,_1(w) of the
type II, as an element of the HNN-extension G,,_1. Thus, ¢p—1 : Frp_1 — Gp_1 is
an effective isomorphism. Now we define ¢,, : F,, — G,, as follows:

Onl(9) = Gn—1(w1)* ... Pp—1 (W)™,

By Lemma 8.2, Z[t]-exponentiation in FZ! (relative to the representation IT) is
effective, which implies effectiveness of ¢,,.

II = III. Suppose, by induction, we are given an effective isomorphism
Yp_1: Gn_1 — H,_1. To construct ¢, : G,, — H, one needs only to define 1, on
elements from S. To this end for s; ; € S put

Yn(si ) = o1 (u;)”
This effectively defines 1,,.
11T = I. Suppose by induction we are given an effective isomorphism ,,_1 :
H,_1— F,_1. If g€ H, is given as an R-form:
g = (glauf1a927 cee augy,m7gm+1)7
where g; € H,,_1,u; € R,_1, 5; € Z[t], then put

Vn(9) = Yn-1(91)Vn—1(u1) Yr_1(g2) - - . Y1 ()" Y- 1 (Grms1)-

Clearly, v¥.,, : H, — F}, is an effective isomorphism. O

In view of Proposition 8.3 one may use any of the representations I, II, IIT of
elements from FZ!, in which case there is no need to specify a particular one.

It is easy to see that Lemma 8.1 gives one the opportunity to compute the
length of elements from FZ! effectively.

COROLLARY 8.4. Given f € FZY, one can effectively compute the length | f| of

1.

PrOOF. In view of Proposition 8.3 we may assume that f € H,, and it is given
by an R-form

f = (flvu?lvf%"'7u£k7fk+1)v
where f; € Hy_1,i € [1,k+ 1],u; € R—1,0; € Z[t],i € [1,k]. By Lemma 8.1 one
can effectively compute the normal form of f:

2

(03 « «
f=goouiogiouz®ogso---ougm ogn.

Now the length of f is given by the formula (7) from Subsection 6.3:

m m m m
1= lgil + D11 =D lgal + > luillal.
i=0 i=1 i=0 i=1

By induction on n we can compute effectively the length of elements g; € H,_1,
hence, the length of | f|. O
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LEMMA 8.5. Given the normal forms of g,h € FXY one can effectively com-
pute the normal form of com(g, h).

PrOOF. There exists n € N such that g,h € H,. We prove that the lemma
holds for every H,, by induction on n. Then the required result will follow for FZ[!.

If n = 0, that is, g, h € F then com(g, h) can be computed in the obvious way.
Assume n > 0 and that the statement is proved for H,_;. We can also assume
without loss of generality that both g and h belong to H,, — H,,_1. Thus

« Qm
g=g10u110920---0uk O k1,

h:hlovlﬁlOhgo~~~ov5{"ohm+1,

where g;,h; € Hy,_1, 1 € [LLk+1], ¢ € [I,m+1], w;,v; € Ry_1, 4,05 € Z[t],
i€ (l,k],j€[1,m].

Suppose |g1| = |h1]. By the induction hypothesis we can compute com(gq, k1)
effectively. If ¢(g1, h1) < |h| then we are done. Suppose ¢(g1,h1) = |h].

a) If |g1| = |h1| then by Lemma 6.4 either c(ul*,vy") < |ui| + |v1] or uy =
vi,sgn(a;) = sgn(By). In the former case com(g,h) = com(g; o u?, hy o v}),
which can be computed effectively by the induction hypothesis. In the latter case
com(uit,vy") = u?,y = sgn(aq) min{|as],|51|} and we can proceed by the induc-
tion on k + m.

b) If |g1| > |h1| then g1 = hy o f. By Lemma 6.9 there exists » € N such that
e(foul, o) < rluy| thus com(g, h) = com(gy ouf’, hyov?"), where 1/ = sgn(aq)r,
r" = sgn(B)r and can be computed effectively by the induction hypothesis. O

COROLLARY 8.6. Given an element g € FXU one can effectively compute its
cyclically reduced decomposition ¢! ogoc.

8.2. Conjugacy and power problems for FZ[, In this section we apply
the infinite words technique to the conjugacy and power problems for FZI.

Recall that the conjugacy problem is decidable in FZI! if there exists an algo-
rithm which, given two elements f,g € FZ! determines if there exists « € F%!
such that 2~ fo = g.

In view of Corollary 8.6 it suffices to solve the conjugacy problem for cyclically
reduced f and g.

LEMMA 8.7. Let f,g € FZU, f = g be cyclically reduced and w € F*! be such
that w='x fxw = g. Then w = wy oh, where (w1, f] = ¢, |h| < |f| and g is a cyclic
permutation of f.

PROOF. We can represent w as a product w = w; o h, where w; belongs to the
centralizer of f and h does not contain any element commuting with f as an initial
segment. Thus we have to show that |h| < |f|, which implies automatically that g
is a cyclic permutation of f.

Assume on the contrary |h| > |f]. Since f is cyclically reduced we have either
h™'sx f=h"tofor f*h=foh. Assume the former. Then we have

whx frw=(h"tof)xh

and h has to cancel completely in (h~! o f) * h. Thus we have that h has f~! as
an initial segment — a contradiction, which proves the lemma. ([
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Thus, by Lemma 3.8, to check if two elements of FZ* are conjugate we have to
compare their cyclic permutations. But unlike free groups, there are infinitely many
cyclic permutations of an element in FZ*, Thus, we have to reduce the checking
procedure to finitely many cyclic permutations.

Let f,g € FZIt be cyclically reduced. There exist nq,ns € N such that f €
H, 1 —H,,,and g € H,,+1 — Hy,,. Observe that if n; < ng then f can not be a
cyclic permutation of g because f does not contain infinite exponents of elements
from H,,. Thus, if f is conjugate to g then n; = ns.

LEMMA 8.8. Let f € Hyy1 — Hpy,n € N and let

f=fiovirofao---0v* o fri

be its unique reduced form. Then there exists a finite set Cy of cyclic permutations
of f such that any f € Cy has an infinite exponent of vi,t € [1,k] as an initial

£ s a terminal segment.

segment and does not have v;

ProoF. Consider

f@) = (fiovf oo fi) Thx fx(frovft oo fy).
Then, its unique reduced form is

N\ i Yi+1 Yi—1
f(@) =v/" ohiz10v/ ™ o---0v/ 7" oh,.

Now, if f(i) has v{ as a terminal segment we can assume this exponent to be

maximal possible and set f(i) = v{ % f(i) * v “. Observe that f(i) satisfies the
required conditions.

Since f contains only finitely many infinite exponents of elements of H,,, the
set {f(i)} is finite. Thus, {f(i)} is also. Finally, it is easy to see that any cyclic
permutation of f which has an infinite exponent of v;, i € [1, k] as an initial segment

and does not have vl-il as a terminal segment can be obtained in the way we obtained

{f(@)}. So, Cp = {f()}- O

Observe that Cy can be found effectively for any f € F Z[
Now we are ready to present the solution of the conjugacy problem for FZ[!.

LEMMA 8.9. Elements f and g of FX! are conjugate in FZU if and only if
CrNCy # 0.

Proor. If CyNCy # 0 then Cy = Cy and obviously f is conjugate to g by the
construction of sets C'y and Cy.
Suppose f is conjugate to g. Observe that if

f=frovi"ofao-ouvpto frp,

ol ogo-roul ogip
then by Lemma 3.8 we have {vy,..., v} = {u,...,u;} because f = w™ ! xgxw
for some initial segment w of g. But then Cy = C|,. (]

The power problem is decidable in FZ! if there exists an algorithm which, given
g € FZM determines if there exists n € N such that g = f” for some f € FZH,

Let g € Hy,41 — H,. If the power problem is decidable for cyclically reduced
elements then obviously it is decidable for arbitrary ones. Thus, in view of Corollary
8.6 we can assume g to be cyclically reduced.
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Let g have the unique reduced form

g=a0 Oufl 0920"'0Ulﬁl O gi+1,

where | > 1, g;,u; € H,, and §; € Z[t] is infinite for any 7 € [1,].

a)l=1

If g1 # € then g is not a proper power unless g; is a power of u; which is im-
possible. Now let g1 = ¢, g = u/f '. In this case everything reduces to computations
in a free abelian group of finite rank, where we can check easily if an element (; is
a Proper power.

b)l>1

Compose a set D of all divisors of [. Since D is finite we have D = {dy, ..., dy}.
Consider s; = ga,, i € [1,k], where o; = |g|/d;, i € [1,k] is such that |g| can be
divided by d; coordinatewise. {s;} is finite because D is finite.

Finally, we check if g = sfl for some s;. If it is for some 4, then g is a proper
power of an element s; € FZI otherwise it is not. This follows from the fact that
we have a regular length function on FZ[.
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