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= no non-abelian free subgroups
m exponential growth

Introduction

For any g, h € G we construct wy 4(x, y) € F(x,y) with
Wg7h(g, h) - 1 e G.
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e m distance function: d(v, w), number of edges in unique path from v
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[ = G: g acts trivially on T,
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Fink m rstg(v) = {g € G: g acts trivially on T\T,}
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Automorphisms acting on rooted trees

Words in
non-periodic . . L
branch B acting on vertices, preserve edge incidence and root
groups
[ = : g acts trivially on T,
Elisabeth sta(n) ={g€G: g y o}

Fink m rstg(v) = {g € G: g acts trivially on T\T,}

Automorphisms

m rsta(n) = [1,cq(n rste(v)

Definition

A group G is a branch group if it acts transitively on each level of a tree
and each rstg(n) has finite index.
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nov:?;::ci)rc‘lic o ]
branch B Finite cyclic groups {Ai};cy, (@) = A
roups ‘ )
ETisabZth = |A’| = Pi (Pi,Pj) =1fori #
Sk m defining sequence {p;}

A
Construction

Figure: Atree withpy =3,p1 =5,p2 = 7.
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groups | Finite cyclic groups {Ai};cy, (@) = Ai
Elisabeth m |A| =pi, (pi,p) =1fori#j
S m defining sequence {p;}

G = (a, b) with

B rooted automorphism ap, a '
N cyclically permutes Q(1) 7@{ by v \\
Construction m spinal automorphism b oA LN

recursively defined as
bn - (bn+1yan+1717--~

1) b3 /
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G = Cp, x Cw, indirectly implies G is not just infinite
1 # N < G, then N is finitely generated

N < G, N non-trivial, then G/N is soluble

G has infinite virtual first betti number

G is not large

G("1) < rstg(n)

Construction

|

|

|
A

|

|

|
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4
91
G

111 1,1
(1.1,1,1,0, "8y "0y ey ' BBap, 3, by Tanboan, 1,

111 b @ a 'by'ay'bhay 1 11
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120 4
a, by 'a;

4
=[g1.2l% = (1. (111 ban b, ey ey ey 1)

,1),1,...

. =~
bgaz 32’1b2’1azb232 1
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¢’ = o1, %]

L[]
—1

- ~
a; 'b3ay ay 'by 'apbrap 1

Y coe L]
An Example 111 b a a;‘b;1a;1b2a2 1 11 11 b*1a2’1b A

2 2

Combparing pi : gl _
paring pictures: |cy, ¢y | =1

Wy, g2(x,y) =[x, /1, [, 1 | with we, g, (91, 02) = 1
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AL ¢(g) = min {Sg rg=a -T2, a_kibq’aki}

Ci—2

Co=9,¢ =[91,0],¢ = [c,-_170,-,1 } i>2

m ((a) <5 (¢C(g1) +¢(g2)),i 20
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groups Let g € G,q € Z. A spine s is a g-conjugate of a power of the generator b:

Elisabeth s = g~ 'b%g. Number of Spinis of g:
LS ¢(g) = min {Sg g = gk . H’,L a_kibqiaki}

Ci—2

Co=9,¢ =[91,0],¢ = [c,-_170,-,1 } i>2

Lemma

m ((a) <5 (¢C(g1) +¢(g2)),i 20
mcerstg(i—1)<stg(i—1),i >2

c; stabilises level /!
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Elisabeth
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Ci—2

Co=9,¢ =[g1,0],¢c = [Ci71,C,-_1 ] i>2

ci has the form ¢; = (di1, ..., dim ), With di; one of the following
Ed,=bltez
B d,=a%,q+k-p,be Bnstg(n)
EX recursive: dij = (dip1t, - > Git,m) 4

Ad =1
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groups
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Elisabeth K K
Fink ci has the form ¢; = (dj 1, ..., dim), with d;; one of the following

K d,=b,tcz
B d;=a’b,q+# k- pi,be Bnstg(n)
Bl recursive: dij = (Ghit,ty, -, Ghatitn); g

Ad =1

3n € N with 3 only occurs for dj; with i < n.

Lemmata and a
Theorem
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branch
groups

Proposition

Elisabeth . '
S ci has the form ¢; = (1, ..., dim,); with dj; one of the following

K d,=b,tcz
B d;=a’b,q+# k- pi,be Bnstg(n)
Bl recursive: dij = (Ghit,ty, -, Ghatitn); g

Aad =1

3n € N with 3 only occurs for dj; with i < n.

Theorem

If pi > (25pi—1)° o P then for each g, h € G there exists a word
Wo.n(X,y) € F(x,y) with we,n(g, h) =1 € G.

Lemmata and a
Theorem
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Words i _ — o Gi-2|

I c=g.0=101,0:].0 = [61,¢7 ] i > 2
branch
groups

Proposition

Elisabeth K K
Fink ci has the form ¢; = (dj 1, ..., dim), with d;; one of the following

K d,=b,tcz
B d;=a’b,q+# k- pi,be Bnstg(n)
Bl recursive: dij = (Ghit,ty, -, Ghatitn); g

Ad =1

3n € N with 3 only occurs for dj; with i < n.

Theorem

If p; > (25p;_1)° IiZoPe then for each g, h € G there exists a word
wqn(X,y) € F(x,y) with wg x(g, h) =1 € G. Hence G has no
non-abelian free subgroups.

Lemmata and a
Theorem
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i i
Ve (1_[2(:1 p,%n) > g, ()=t Pi/3,
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i i
Ve (Hfm p,%n) > g, ()=t Pi/3,

Yo, (2p1) > 297" - (py — 1) % 2.
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Proposition
Vg, (2p)) > 2P (i — Ny

If {p;} satisfies log (i —1) >5- (%)i . HLO px for all sufficiently large i,
then G has exponential growth.

‘
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m Is G amenable?

m Growth in all cases?
Similar examples are amenable for slow growth
(Brieussel)

m Does G contain a free semigroup?
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Thank you!
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